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Chapter 1 
 
General introduction 
 
1. Problem statement 
Whilst knowledge of fractions is important for students’ future success in mathematics and science, 
and in daily life (Behr, Wachsmuth, Post, & Lesh, 1984; Kilpatrick, Swafford, & Findell, 2001; 
Kloosterman, 2010; Lamon, 2007; NCTM, 2007; Siegler et al., 2010; Van de Walle, 2010), students 
experience difficulties when learning fractions (Akpinar & Hartley, 1996; Behr, Harel, Post, & Lesh, 
1992; Behr et al., 1984; Bulgar, 2003; Hecht, Close, & Santisi, 2003; Kilpatrick et al., 2001; Lamon, 
2007; Newton, 2008; Siegler et al., 2010). The range of studies over the past years revealed that this is 
a persistent problem. Also in Flanders, students are having difficulties when learning fractions. For 
example, in 2002, the first sample survey revealed that only 64% of the last-year Flemish elementary 
school students mastered the attainment targets related to fractions and decimals (Ministry of the 
Flemish Community Department of Education and Training, 2004), whereas the attainment targets are 
minimum goals that should be mastered by all students at the end of elementary school. In 2009, the 
second sample survey revealed that the percentage of students mastering the attainment targets 
regarding fractions and decimals was exactly the same as in the first sample survey (Ministry of the 
Flemish Community Department of Education and Training, 2010). This lack of improvement 
indicates that fractions continue to be a problematic subject in mathematics education. This finding, in 
addition to the outcomes of the second chapter of this dissertation, guided our decision to focus on 
fractions in this dissertation.  
Given the numerous difficulties that students encounter when learning fractions, it should not surprise 
that ample research focused on students’ learning in this respect (e.g. Cramer, Post, & delMas, 2002; 
Keijzer & Terwel, 2003; Lamon, 2007; Mack, 1990; Siegler, Thompson, & Schneider, 2011; 
Stafylidou & Vosniadou, 2004). In contrast to the large amount of studies analyzing students’ 
knowledge of fractions, less is known, however, about preservice and inservice teachers’ knowledge 
of fractions (Moseley, Okamoto, & Ishida, 2007; Newton, 2008). This is a critical observation for at 
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least two reasons. First, teacher education is considered to be a crucial period to obtain a profound 
understanding of fractions (Borko et al., 1992; Ma, 1999; Newton, 2008; Toluk-Ucar, 2009; Zhou, 
Peverly, & Xin, 2006). As such, it is important to gain information about preservice teachers’ 
knowledge of fractions, especially since particularly in elementary education it is a common 
misconception that school mathematics is fully understood by the teachers and that mathematics is 
easy to teach (Ball, 1990; Jacobbe, 2012; NCTM, 1991; Verschaffel, Janssens, & Janssen, 2005). 
Second, a major concern regarding increasing mathematics standards expected of students should be 
teachers’ preparation to address these standards (Jacobbe, 2012; Kilpatrick et al., 2001; Siegler et al., 
2010; Stigler & Hiebert, 1999; Zhou et al., 2006).  
Up to the early nineties of the previous century, research on fractions lacked to some extent an explicit 
focus on the teaching of this subject (Behr et al., 1992). Since then, there is a growing body of 
research that has taken fractions into the classroom and as such offers empirically grounded guidelines 
for teaching (Lamon, 2007). Yet, more research on fractions is still needed, especially studies 
addressing the efficacy of teaching fractions (Siegler et al., 2010). Also more broadly, there is a 
growing interest in the actual teaching of mathematics which stems from research on teachers’ use of 
curriculum materials (Lloyd, Remillard, & Herbel-Eisenman, 2009). Furthermore, teaching is seen as 
the next frontier in the struggle to improve schools (Stigler & Hiebert, 1999).  
Focussing on the subject of fractions and taking into account the abovementioned existing gaps in the 
literature, the present dissertation’s aim is twofold. First, given the importance of teacher education in 
the development of teachers’ knowledge of fractions, we aim to analyse Flemish preservice school 
teachers’ knowledge of fractions. A second aim concerns the call for more research related to the 
teaching of fractions and provides insight in how fractions are taught in Flanders. In addition and 
based on the outcomes of Chapter 2, we will further study teachers’ views of curriculum programs. 
This first chapter of the dissertation presents a general introduction to the subsequent empirical studies 
and consists of two sections. The first section presents the theoretical framework, this is our own 
‘bricolage’ on the central concepts of the dissertation. The second part of the chapter presents the main 
research objectives, the research design, and the method of the empirical studies. Finally, an overview 
of the dissertation’s structure is provided by presenting each study briefly. This illustrates that within 
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its attention to teaching fractions in elementary school, the dissertation focuses on teachers’ 
knowledge, teachers’ views, and teachers’ practice. 
 
2. Theoretical framework  
2.1. Theorizing as bricolage 
Social science fields are not dominated by one single paradigm. Whereas Kuhn (1970) described this 
as a preparadigmatic state, we agree with Shulman that the coexistence of paradigms in social 
sciences, and thus also in educational sciences, is a natural and mature state (Shulman, 1986a). 
Shulman describes the research-on-teaching field as “a Great Conversation, an ongoing dialogue 
among investigators committed to understanding and improving teaching” (Shulman, 1986a, p. 9), 
indicating that not one theory or a particular sequence of approaches is generally optimal. 
Consequently, rather than opting for one theory, scholars plea for an eclectic approach, sometimes 
referred to as a grand strategy (Schwab, 1978; Shulman, 1986a), a mixed strategy (Cronbach, 1982), 
or synthesis (Schoenfeld, 2007).  
Cobb (2007) also acknowledges the added value of the use of multiple research methods for the field 
of mathematics education. He argues that rather than choosing between the various perspectives, what 
is of most interest is their translation to fit to the concerns and interests of mathematics educators. 
Referring to Gravemeijer (1994), Cobb describes this process as ‘theorizing as bricolage’, hereby 
suggesting that we should “act as bricoleurs by adapting ideas from a range of theoretical sources” 
(Cobb, 2007, p. 103). In this dissertation, the ‘bricolage’ is informed by the following theoretical 
sources: research related to learning problems (Dumont, 1994; Geary, 2004; Stock, Desoete, & 
Roeyers, 2006), teacher professionalism (Feiman-Nemser, 1990; Korthagen, Kessels, Koster, 
Lagerwerf, & Wubbels, 2001; Louis & Smith, 1990; Schepens, 2005; Standaert, 1993), knowledge for 
teaching mathematics (Ball, Thames, & Phelps, 2008; Hill & Ball, 2009; Hill, Ball, & Schilling, 2008; 
Shulman, 1986b, 1987; Wilson, Shulman, & Richert, 1987), curriculum research (Lloyd et al., 2009; 
Remillard, 2005; Remillard & Bryans, 2004; Snyder, Bolin, & Zumwalt, 1992; Stein, Grover, & 
Henningsen, 1996; Stein, Remillard, & Smith, 2007), and research on fractions (Aksu, 1997; Behr et 
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al., 1992; Charalambous & Pitta-Pantazi, 2007; Lamon, 2007; Ma, 1999; Siegler et al., 2010; Siegler 
et al., 2011). We address each of them more in detail below. 
 
2.2. Learning difficulties: a central responsibility for teachers 
Dumont (1994) discerns two types of learning problems: primary and secondary learning problems. 
Primary learning problems or ‘learning disabilities’ are situated in the child’s own cognitive 
development. The cause of secondary learning problems or ‘learning difficulties’ is situated outside 
the child (i.e. the way the teacher sets up instruction, the design of instruction in curriculum materials, 
and difficulties inherent to the specific content) or another child-related problem (e.g. visual 
impairment). As cited by Carnine, Jitendra, and Silbert (1997, p. 3) “Individuals who exhibit learning 
difficulties may not be intellectually impaired; rather, their learning problems may be the result of an 
inadequate design of instruction in curricular materials”. This underlines the central responsibility for 
teachers to cope thoughtful with learning difficulties. 
Related to the field of mathematics education, we employ the terms mathematical problems, 
mathematical disabilities, and mathematical difficulties. No concrete numbers are reported about the 
prevalence of mathematical difficulties. In contrast, the prevalence of mathematical disabilities is 
estimated at approximately five to eight percent (Desoete, 2007; Geary, 2004; Stock, Desoete, & 
Roeyers, 2006). Compared to the number of studies focusing on children with mathematical 
disabilities, less is known about children with mathematical difficulties. To broaden the insight in this 
group of children, the present study aims to focus particularly on mathematical difficulties. 
 
2.3. An extended view on teacher professionalism  
Since World War II and especially since the Sputnik crisis, a growing uncertainty about the quality of 
teachers resulted in a standardization of teaching tasks, which in turn led to a technical-instrumental 
definition of the teaching profession (Richardson & Placier, 2001; Schepens, 2005). In this technical-
instrumental view, teachers’ autonomy is restricted to the classroom where the teacher executes what 
others (i.e. designers of curricula, academics, …) prescribe (Louis & Smith, 1990; Spencer, 2001; 
Standaert, 1993). 
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Following the general worldwide consensus about the moral and pedagogical imperatives underlying 
the teaching profession (Feiman-Nemser, 1990; Richardson & Placier, 2001) an extended view to 
teacher professionalism has been strived for in the Flemish Community as in other countries 
(Schepens, 2005). In this extended view, teachers are seen as active and self-accountable individuals, 
in education and in society (Korthagen et al., 2001; Standaert, 1993; Zeichner, 1983, 2006). 
Consequently, in this respect teachers are considered to be critical individuals reflecting on the content 
of their job, on educational, learning, and pedagogical situations (Schepens, 2005). This is also 
referred to as ‘reflective craftsmanship’ (Clement & Staessens, 1993; Clement & Vandenberghe, 
2000).  
In Flanders, the extended view on teacher professionalism is operationalized into professional profiles 
and basic competences. While the professional profiles describe the professional activities of 
experienced teachers, the basic competences are deduced from the professional profiles and serve as 
the attainment targets for teacher education (Ministry of the Flemish Community Department of 
Education and Training, 1999). These professional profiles group skills, knowledge, and attitudes into 
three functions or responsibilities: responsibilities toward the learner, toward the school and 
educational community, and toward society. The teacher as a subject expert and the teacher as a 
researcher, two aspects that are comprised under the teacher’s responsibility toward the learner, served 
as the fundaments of the study as presented in the second chapter.  
 
2.4. Mathematical knowledge for teaching 
It is a common misconception that elementary school mathematics is fully understood by teachers and 
that it is easy to teach (Ball, 1990; Jacobbe, 2012; NCTM, 1991; Verschaffel et al., 2005). Already 
more than twenty years ago, Shulman and colleagues argued that teacher knowledge is complex and 
multidimensional (Shulman, 1986a, 1987; Wilson et al., 1987). They drew attention to the content 
specific nature of teaching competencies. Consequently, Shulman (1986a, 1987) concentrated on what 
he labeled as the missing paradigm in research on teacher knowledge: the nexus between content 
knowledge, pedagogical content knowledge (the blending of content and pedagogy), and curricular 
knowledge. Content knowledge entails knowledge of the content and its structures. Pedagogical 
 11 
content knowledge refers to: “The most useful ways of representing and formulating the subject that 
make it comprehensible to others. […] Pedagogical content knowledge also includes an understanding 
of what makes the learning of specific topics easy or difficult” (Shulman, 1986b, p. 9). Curricular 
knowledge refers to knowledge of the curricula for teaching a specific subject in a specific grade and 
knowledge of curriculum programs and other instructional materials. This kind of knowledge is: 
represented by the full range of programs designed for the teaching of particular subjects and 
topics at a given level, the variety of instructional materials available in relation to those 
programs, and the set of characteristics that serve as both the indications and contraindications 
for the use of particular curriculum or program materials in particular circumstances 
(Shulman, 1986b, p. 10). 
Besides familiarity with the curriculum materials under study by their students, and knowledge of 
curricular alternatives for instruction, Shulman describes two additional aspects of curricular 
knowledge. Lateral curriculum knowledge, which relates to familiarity with curriculum materials 
under study by the students in other subjects; vertical curriculum knowledge, which refers to 
knowledge of subjects of the of the same subject area that have been taught in previous years and will 
be taught in later years (Shulman, 1986b). 
Building on the work of Shulman (1986a, 1987), and by means of extensive qualitative analyses of 
teaching practice and the development of instruments to test their ideas, Ball and colleagues (Ball et 
al., 2008; Hill & Ball, 2009; Hill et al., 2008) map the mathematical knowledge needed to teach 
mathematics (see Figure 1).  
Ball et al. (2008) distinguish pedagogical content knowledge in ‘knowledge of content and teaching’ 
on the one hand and ‘knowledge of content and students’ on the other hand. Knowledge of content and 
teaching combines knowing of teaching with knowing of mathematics (Ball et al., 2008). For example, 
when teaching, teachers have to choose which examples to start with, which examples to use to guide 
students to a deeper understanding, balance the pros and contras of representations to illustrate a 
specific mathematical idea, … “Each of these tasks requires an interaction between specific 
mathematical understanding and an understanding of pedagogical issues that affect student learning” 
(Ball et al., 2008, p. 401).  
 12 
 
Figure 1. Domains of Mathematical Knowledge for Teaching (Ball et al., 2008, p. 403) 
 
Knowledge of content and students combines knowing of mathematics with knowing of students, and 
focuses on teachers’ understanding of how students learn mathematics (Ball et al., 2008; Hill et al., 
2008). This includes knowledge of common students errors, students’ understanding of the content, 
student developmental sequences – which includes identification of subjects that are easier or more 
difficult at particular ages –, and knowledge of common student computational strategies (Hill et al., 
2008). For example, teachers need to know the commonly made errors by students, what students are 
likely to find interesting, what students might find confusing, and so on.  
Ball and colleagues (Ball et al., 2008; Hill & Ball, 2009; Hill et al., 2008) further divide content 
knowledge in two empirically discernible domains: ‘common content knowledge’ and ‘specialized 
content knowledge’. Common content knowledge refers to knowledge that is not unique to teaching 
and is applicable in a variety of settings. For example, teachers need to be able to find equivalent 
fractions, but also bakers, engineers, pharmacists, bricklayers, or architects might apply this 
knowledge during their profession. Ball et al. (2008) found that this kind of knowledge plays a crucial 
role in the planning and implementation of instruction; it is considered as a cornerstone of teaching for 
proficiency (Kilpatrick et al., 2001). Specialized content knowledge refers to the mathematical 
knowledge and skill unique to teaching: it is a kind of knowledge “not necessarily needed for purposes 
other than teaching” (Ball et al., 2008, p. 400). For instance, an architect might need to be able to find 
equivalent fractions when calculating the needed capacity for an iron bar, but he does not need to be 
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able to explain the meaning underlying the multiplication of numerator and denominator with the same 
number to find equivalent fractions. Teachers, however, need to be proficient in both. Ball et al. (2008) 
provisionally placed ‘knowledge of content and curriculum’ within pedagogical content knowledge, 
and ‘horizon content knowledge’ under content knowledge. Horizon content knowledge refers to 
knowledge of how mathematical topics are related over time; “a view of the larger mathematical 
landscape” (Hill & Ball, 2009, p. 70). 
What struck Ball and colleagues (2008) most throughout their research was the important presence of 
specialized content knowledge; a subject matter knowledge needed only by teachers:  
Perhaps most interesting to us has been evidence that teaching may require a specialized form 
of pure subject matter knowledge – “pure” because it is not mixed with knowledge of students 
or pedagogy and is thus distinct from the pedagogical content knowledge identified by 
Shulman and his colleagues and “specialized” because it is not needed or used in settings other 
than mathematics teaching (p. 396). 
As such, whereas previously pedagogical content knowledge has been considered to be a knowledge 
specifically related to the profession of teaching, the findings of Ball et al. (2008) underscore the 
importance of specialized content knowledge as a distinct feature of knowledge for teaching. 
In the current dissertation, several aspects of teachers’ mathematical knowledge for teaching are 
addressed. In the second chapter, a grade-specific overview of difficult subjects of the mathematics 
curriculum is presented, based on teachers’ pedagogical content knowledge (more particularly 
teachers’ knowledge of content and students). In Chapter 3, we build both on teachers’ familiarity with 
curriculum programs (knowledge of content and curriculum) and on the two other components of their 
pedagogical content knowledge (teachers’ knowledge of content and teaching, and of content and 
students) to study teachers’ views of curriculum materials. In Chapter 4, we measure preservice 
teachers’ common content and specialized content knowledge of fractions. In Chapter 5, we observe 
the teaching of fractions, and as such, teachers’ application of mathematical knowledge for teaching.  
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2.5. Different meanings of curriculum 
It is a commonly held assumption that teachers are merely conduits of a curriculum, in which they are 
seen as simply delivering the curriculum to students (Clandinin & Connelly, 1992; Remillard, 2005). 
The idea that there are other ways to look at implementation is introduced as well (Remillard, 2005; 
Snyder et al., 1992). More than 30 years ago, Fullan and Pomfret (1977) introduced the idea of 
‘mutual adaptation’, implying that the curriculum influences the teacher and, vice versa, the teacher 
also adapts the curriculum. The work of Fullan and Pomfret initiated an era of study of curriculum 
implementation, which empirically took the edge of ‘the model of ‘Research, Development, and 
Diffusion’ (Gravemeijer, 2012).  
The use of newly adopted standards-based curricula during the mid to late 1990s has stimulated 
curriculum research during the last decade (Lloyd et al., 2009). These new curricula embody an 
approach to mathematics teaching and learning that was previously uncommon (focusing on 
mathematical thinking and reasoning, problem solving activities, use of realistic contexts, use of 
calculator, conceptual understanding, collaboration, and communication) (Bergqvist & Bergqvist, 
2011; Lloyd et al., 2009; Stein et al., 2007; Verschaffel, 2004). The increase of these new curricula 
geared interest and research activity in how teachers used them. In the late 1990s through the early 
2000s, this trend was followed by a research emphasis on the efficacy of these new curriculum 
materials (Stein et al., 2007). 
The underlying assumption of this emerging body of research into mathematics education and on 
teaching is that teachers are central players in the process of transforming curriculum ideals (Lloyd et 
al., 2009; Remillard, 1999). This implies acceptance of a substantial difference between the curriculum 
as represented in instructional materials and the curriculum as enacted during lessons. Along this line, 
Stein and colleagues (2007) distinguish between written (e.g., state standards, textbooks), intended 
(teachers’ plans for instruction), and enacted curriculum (actual implementation of mathematical 
tasks) and argue that student learning opportunities are influenced by how teachers interpret and use 
curriculum materials to plan instruction and by how these plans are enacted in the classroom. The 
transformations in the curriculum are influenced by characteristics of teachers, students, contexts, and 
curriculum materials (Stein et al., 2007).  
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Examples of characteristics of teachers are teachers’ beliefs (Lloyd, 1999; Lloyd & Wilson, 1998; 
Remillard, 1999), knowledge (Cohen, 1990; Heaton, 1992), and orientations toward curriculum 
materials (Remillard & Bryans, 2004). Students’ struggle with demanding tasks leading teachers to 
reduce the task demand  is an example of student characteristics (Stein et al., 1996). Available time for 
instruction and planning (Keiser & Lambdin, 1996), and local cultures (Cobb, McClain, Lamberg, & 
Dean, 2003) are two characteristics that relate to the context. Research of features of educative 
curricula – these are curricula that not only provide teachers with scripted lessons to support student 
learning, but are also designed to support teacher learning (Ball & Cohen, 1996; Davis & Krajcik, 
2005) – relates to characteristics of curriculum materials (Stein & Kim, 2009). 
In this dissertation, we addressed the written curriculum in Chapter 2, 3 and 5. The enacted curriculum 
was addressed in Chapter 5, and we focused on one mediating variable influencing the transformations 
in curriculum (teachers’ views of curriculum programs) in Chapter 3. 
 
2.6. Research on (teaching) fractions 
The efficacy of teaching fractions is a relatively new and underdeveloped area of study (Behr et al., 
1992; Lamon, 2007; Siegler et al., 2010). Whereas, with some exceptions (e.g. Streefland, 1991), 
previously, research tended to focus on children’s actual performance and on understanding students’ 
thinking of fractions, currently, there is a growing body of research that offers empirically grounded 
suggestions for teaching fractions (Lamon, 2007). Illustrating the growing interest of research in the 
field of teaching fractions is the practice guide ‘Developing effective fractions instruction for 
kindergarten through 8th grade’ (Siegler et al., 2010), published by the Institute of Educational 
Sciences [IES], the research arm of the U.S. Department of Education. This practice guide offers 
empirically based suggestions for teaching fractions in a way that supports students’ conceptual 
understanding. Conceptual understanding of fractions is considered of major importance for students 
to be able to apply their knowledge of fractions in non-routine problem solving activities (Siegler et 
al., 2010).  
In the literature, there is a debate whether procedural knowledge precedes conceptual knowledge or 
vice versa or whether it is an iterative process (Misquitta, 2011; Rittle-Johnson & Alibali, 1999; Rittle-
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Johnson & Siegler, 1998; Rittle-Johnson, Siegler, & Alibali, 2001; Siegler, 1991; Siegler & Crowley, 
1994). While we do not disregard this debate, the present study accepts that both types of knowledge 
are critical for mastering the concept of fractions (Kilpatrick et al., 2001; Misquitta, 2011; Rittle-
Johnson et al., 2001). Students can have problems related to both their procedural and conceptual 
understanding of fractions (Aksu, 1997; Bulgar, 2003; Hecht, 1998; Post, Cramer, Behr, Lesh, & 
Harel, 1993; Prediger, 2008; Siegler et al., 2011).  
A main source producing difficulties in learning fractions is the interference with students’ prior 
knowledge about natural numbers (Behr et al., 1992; Grégoire & Meert, 2005; Stafylidou & 
Vosniadou, 2004). This ‘whole number bias’ (Ni & Zhou, 2005) results in errors and misconceptions 
since students’ prior conceptual framework of numbers does no longer hold. It is, for example, 
counterintuitive that the multiplication of two fractions results in a smaller fraction (English & 
Halford, 1995). Students have to overcome this bias between natural numbers and fractions and 
therefore need to reconstruct their understanding of numbers. However, constructing a correct and 
clear conceptual framework is far from trouble-free because of the multifaceted nature of 
interpretations and representations of fractions (Baroody & Hume, 1991; Cramer et al., 2002; English 
& Halford, 1995; Grégoire & Meert, 2005; Kilpatrick et al., 2001). More particularly, research 
distinguishes five sub-constructs to be mastered by students in order to develop a full understanding of 
fractions (Charalambous & Pitta-Pantazi, 2007; Hackenberg, 2010; Kieren, 1993; Kilpatrick et al., 
2001; Lamon, 1999; Moseley et al., 2007):  
(1) The ‘part-whole’ sub-construct refers to a continuous quantity, a set or an object divided into 
parts of equal size (Hecht et al., 2003; Lamon, 1999). A fraction is viewed as a comparison 
between the selected number of equal sized parts and the total number of equal sized parts. A 
typical example measuring the part-whole sub-construct is the following: “The rectangle 
below represents 2/3 of a figure. Complete the whole figure”.  
(2) The ‘ratio’ sub-construct concerns the notion of a comparison between two quantities and as 
such, it is considered to be a comparative index rather than a number (Carraher, 1996; Hallett, 
Nunes, & Bryant, 2010; Lamon, 1999). The orange juice experiment by Noelting (1980) has 
been widely used to measure students’ understanding of this sub-construct (e.g., John and 
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Mary are making lemonade. Whose lemonade is going to be sweeter, if the kids use the 
following recipes? John: 2 spoons of sugar for every 5 glasses of lemonade; Mary: 4 spoons of 
sugar for every 8 glasses of lemonade). 
(3) The ‘operator’ sub-construct comprises the application of a function to a number, an object, or 
a set (Behr, Harel, Post, & Lesh, 1993). In case the nominator is bigger than the denominator, 
it is an operation to stretch an object, a number, or a set; in case the denominator is bigger than 
the nominator, it is regarded as an operation to shrink. An example measuring the operator 
sub-construct is: “By how many times should we increase 9 to get 15?”.  
(4) By means of the ‘quotient’ sub-construct, a fraction is regarded as the result of a division. 
Contrary to the part-whole sub-construct, two different measure units are considered (e.g., five 
cakes are equally divided among four friends. How much does anyone get?) (Charalambous & 
Pitta-Pantazi, 2007; Kieren, 1993; Marshall, 1993). 
(5) In the ‘measure’ sub-construct, fractions are seen as numbers that can be ordered on a number 
line (Hecht et al., 2003; Kieren, 1988). As such, this sub-construct is associated with two 
intertwined notions (Charalambous & Pitta-Pantazi, 2007). The number-notion refers to the 
quantitative aspect of fractions (how big is the fraction) while the interval-notion concerns the 
measure assigned to an interval. Within the first notion, 

 is seen as 0.75 while in the second 
notion, 

	 corresponds to a distance of 3 ¼-units from a given point (Lamon, 2001). The 
number line is recognized as a suitable tool to assess students’ interpretation of fractions as a 
measure (Keijzer & Terwel, 2003). A typical example measuring the sub-construct is: “Locate 


	 and 

	 on the following number line”.  
Students with an inadequate procedural knowledge level of fractions can make errors due to an 
incorrect implementation of the different steps needed to carry out calculations with fractions (Hecht, 
1998). Students, for example, apply procedures that are applicable for specific operations with 
fractions, but are incorrect for the requested operation; e.g., maintaining the common denominator on 
a multiplication problem as in 

	 * 


	 = 


	 (Hecht, 1998; Siegler et al., 2011).  
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Several studies revealed that students’ conceptual knowledge of fractions is much more limited as 
compared to their procedural knowledge of fractions. (Aksu, 1997; Bulgar, 2003; Post et al., 1993; 
Prediger, 2008). As a result, students may only develop an instrumental understanding of fractions 
(Aksu, 1997; Hecht et al., 2003; Ma, 1999; Prediger, 2008). For example, students with a mere 
procedural knowledge of the multiplication of fractions, may, in case they forget the rule to multiply 
both the numerators and both the denominators not be able to come up with a correct answer whereas 
students with a conceptual understanding of fractions may in this case come up with a good answer 
based on their conceptual understanding, and may retrieve the rule.  
In Chapter 4 of the dissertation, we analyzed 290 preservice teachers’ procedural and conceptual 
knowledge of fractions. In addition, addressing the call for greater focus on the teaching of fractions 
(Siegler et al., 2010), Chapter 5 focuses on the actual teaching of fractions. 
 
3. Research objectives 
RO1. Analysis of the prevalence of mathematical difficulties in elementary school as reflected in 
teacher ratings 
RO2. Analysis of teachers’ views of curriculum programs: 
- Do teachers’ views of curriculum programs vary depending on the curriculum program being 
adopted? 
- Do students’ performance results vary between the curriculum programs? 
RO3. Analysis of preservice teachers’ common content and specialized content knowledge of 
fractions: 
- To what extent do preservice teachers master the procedural and conceptual knowledge of 
fractions (common content knowledge)?  
- To what extent are preservice teachers able to explain the underlying rationale of a procedure 
or the underlying conceptual meaning (specialized content knowledge)? 
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RO4. Analysis of the teaching of fractions: 
- To what extent does the teaching of fractions in Flanders (task as presented in the teacher’s 
guide, task as set up by the teacher, and task as enacted through individual guidance provided 
by the teacher to students who experience difficulties) reflect features that foster students’ 
conceptual understanding of fractions? Is there a relationship with the particular curriculum 
program used or the specific mathematical idea being stressed? 
- To what extent do the instructional features change as instruction moves from tasks as written 
in the curriculum, to how they are set up in the classroom, to how they are enacted through 
individual guidance provided by the teacher? 
 
4. Research design  
Four studies were set up in order to address the research objectives as outlined above. Figure 2 
illustrates the overall research design and also provides an overview of the empirical studies in relation 
to the research objectives and dissertation chapters. A more specific overview of the research designs 
and applied research techniques in relation to the research objectives and research goals is presented in 
Table 1.  
First, an explorative study was carried out which aimed at providing a grade-specific overview of 
difficult subjects in the mathematics curriculum, based on teacher ratings (Chapter 2). Data were 
collected in the second part of the academic year 2006-2007 and 2007-2008. Three grade-specific 
questionnaires (respectively for grade 1-2; grade 3-4; grade 5-6) were developed and completed by 
918 teachers of 243 schools. Descriptive analyses provided a grade-specific overview of difficult 
subjects of the mathematics curriculum, and an overview of the most frequently used curriculum 
programs in Flanders. In addition, analysis of covariance allowed for a first study of the reported 
difficulties related to the curriculum programs. This was elaborated more deeply in Chapter 3, in 
which we used these teacher ratings as an indicator for teachers’ views of curriculum programs. 
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Chapter 1: General introduction
Chapter 6: General discussion and conclusion
Chapter 2:
Mathematical 
difficulties in 
elementary school: 
Building on 
teachers’ 
pedagogical content 
knowledge
RO 1
Chapter 4:
Preservice elementary school teachers’ 
knowledge of fractions: A  mirror of students’ 
knowledge?
RO 3
Chapter 3:
Teachers’ views of curriculum programs in 
Flanders: Does it (not) matter which 
mathematics textbook series schools choose?
RO 2
Chapter 5:
Teaching fractions 
for conceptual 
understanding: An 
observational study 
in elementary school
RO 4
Line 1: 
Fractions
Line 2: 
Curriculum 
programs
 
Note. RO = Research objective 
Figure 2. Schematic overview of the empirical studies in relation to the research objectives and 
dissertation chapters 
 
In the second study, a subsample of the first study was included, based on the curriculum program 
used in class (Chapter 3). Only teachers working with one of the five most frequently used curriculum 
programs were included in the study. As such, 814 teachers of 201 schools participated in the study. A 
subsample of the teachers participating in this second study (nteachers = 89; nschools = 29) provided us 
with the completed tests for mathematics of the Flemish Student Monitoring System of all students in 
their class (nstudents = 1579). Multivariate regression techniques and t-tests were used to analyze 
whether teachers’ views of curriculum programs differed based on the curriculum program used in 
class, and whether differences in teachers’ views of curriculum programs were related to differences in 
students’ performance results.  
Data for the third study were collected during the second half of the academic year 2009-2010 
(Chapter 4). Participants were 290 preservice teachers (184 first and 106 last-year trainees), enrolled in 
two teacher education institutes in Flanders. First, a literature review was performed to study students’ 
difficulties related to fractions. Based on the outcomes of the review, we developed a test to study 
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preservice teachers’ knowledge of fractions. Analyses of covariance were applied to analyze 
differences between preservice teachers’ conceptual and procedural knowledge of fractions, to analyze 
differences in knowledge related to the five sub-constructs of fractions, and to analyze preservice 
teachers’ specialized content knowledge. 
In study 4, 24 lessons of 20 fourth-grade elementary school teachers teaching fractions were analyzed 
(Chapter 5)  by means of the ‘mathematics task framework’ that was slightly adopted to correspond 
with the ‘temporal phases of curriculum use’ (Stein et al., 1996; Stein et al., 2007). This enabled us to 
analyze the extent to which the teaching of fractions in Flanders reflect features that foster students’ 
conceptual understanding of fractions, and to study the extent to which instructional features change as 
instruction moved from tasks as written in the curriculum, to how they were set up in the classroom, to 
how they were enacted through individual guidance provided by the teacher. In total, we analyzed 88 
mathematical tasks: 24 mathematical tasks as represented in the teacher’s guide, 24 mathematical tasks 
as set up by the teacher, and 40 tasks as enacted through individual guidance by the teacher. 
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Table 1. Overview of the research goals, research designs, and research techniques 
Chapter Research 
objective 
Research goals Research design Research techniques 
Chapter 1 General Introduction   
Chapter 2 RO 1  
- Analysis of the prevalence of mathematical difficulties in 
elementary school as reflected in teacher ratings 
 
 
 
Teacher survey 
(n = 918) 
 
Descriptive analysis 
Analysis of covariance 
Chapter 3 RO 2  
- Do teachers’ views of curriculum programs vary 
depending on the curriculum program being adopted? 
 
- Do students’ performances vary between the curriculum 
programs? 
 
 
 
Teacher survey 
(n = 814) 
Assessment task for students 
(n = 1579) 
 
Multivariate multilevel 
regression 
T-tests 
Chapter 4 RO 3  
- To what extent do preservice teachers master the 
procedural and conceptual knowledge of fractions 
(common content knowledge)?  
 
 
Literature study 
Assessment task for 
 
Mixed analysis of variance 
Analysis of variance 
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- To what extent are preservice teachers able to explain the 
underlying rationale of a procedure or the underlying 
conceptual meaning (specialized content knowledge)? 
 
 
preservice teachers 
(n = 290) 
Chapter 5 RO 4  
- To what extent does the teaching of fractions in Flanders 
(task as presented in the teacher guide, task as set up by 
the teacher, and assistance provided by the teacher to 
students who experience difficulties) reflect features that 
foster students’ conceptual understanding of fractions? 
 
- To what extent does the instructional features change as 
instruction moves from tasks as written in the curriculum, 
to how they are set up in the classroom, to how they are 
enacted through individual guidance provided by the 
teacher? Are these changes more likely to occur when 
particular textbooks are used or when particular topics are 
being taught? 
 
 
Observation study of lessons 
(n = 24) of fourth-grade 
teachers (n = 20) 
 
Descriptive analysis 
Document analysis 
Video analysis 
Chapter 6 General discussion and conclusion 
 
  
RO = Research Objective 
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5. Overview of the dissertation 
The dissertation is structured in six chapters and based on four studies (see Figure 1). Chapters 1 and 6 
are general chapters introducing and discussing the four studies. Apart from the general introduction 
and the general discussion, all chapters are based on articles that have been published or submitted for 
publication in peer-reviewed journals. Therefore, chapters may partially overlap. 
This introductory chapter presents the description of the problem statement, which – together with the 
findings from the first study – highlights the need for more studies on fractions. Further, the problem 
statement highlights the need to study preservice teachers’ knowledge of fractions and the actual 
teaching of fractions. The problem statement is followed by the theoretical framework used to address 
the research questions. More particularly, the theoretical framework is organized in five sections: (1) 
learning problems, (2) an extended view on teacher professionalism, (3) mathematical knowledge for 
teaching, (4) research on curriculum materials, and (5) research on fractions. Furthermore, the research 
objectives, research design and an overview of the dissertation are presented.  
In Chapter 2, a grade-specific overview of difficult subjects of the mathematics curriculum is 
presented. By means of a newly developed questionnaire, 918 elementary school teachers reported 
their observation of learning difficulties for all grade-specific subjects of the mathematics curriculum. 
As a main finding of the study, fractions, division, numerical proportions, scale, and most problem 
solving items were considered to invoke difficulties in all elementary school grades where the subject 
is part of the mathematics curriculum. Taking this result into account, and given that students’ 
performance with regard to fractions are disappointing (Ministry of the Flemish Community 
Department of Education and Training, 2004, 2010; NCES, 2000), we decided to focus further on 
fractions in Chapters 4 and 5. The study in Chapter 2 further indicated that the choice for a specific 
curriculum program appears to matter. Therefore, this aspect was deepened in Chapter 3.  
In Chapter 3 we focus on teachers’ views of curriculum programs. Recently, the need to take into 
account mediating variables is stressed in order to examine the influence of curriculum programs on 
student learning. Chapter 3 focuses therefore on one such mediating variable, namely teachers’ views 
of curriculum programs. More particularly, the views of 814 teachers and the mathematics 
performance of their 1579 students are analyzed. To operationalize teachers’ views, we build on the 
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experiences of teachers with the curriculum programs (Elsaleh, 2010) in relation to their perception of 
the impact of these materials on student mathematics performance. In addition, we also study whether 
the performance results of the students taught by the participating teachers differ significantly based 
on the curriculum programs used in the class. The latter enables us to analyze whether possible 
differences in teachers’ views of curriculum programs are related to differences in students’ 
performance.  
Chapter 4 focuses on preservice teachers’ knowledge of fractions. In order to analyze the knowledge 
required to teach fractions effectively, we review research related to students’ understanding of 
fractions. The review helps to delineate the difficulties students encounter when learning fractions. 
Building on this overview, the study addresses 290 Flemish preservice elementary school teachers’ 
common and specialized content knowledge of fractions. Preservice teachers’ common content 
knowledge comprised their procedural and conceptual knowledge of fractions. Preservice teachers’ 
specialized content knowledge comprised their knowledge of the underlying rationale of a procedure 
and the underlying conceptual meaning. 
Taking into account the need for in-depth observational studies as was revealed in Chapter 3, and 
guided by a growing body of research focusing on teachers’ use of curriculum materials, Chapter 5 
reports on observations of 24 lessons of teachers teaching fractions in elementary school. The analysis 
focuses on the mathematical task as unit of analysis, and comprises both the teacher’s guide (written 
curriculum) and the enacted curriculum.  
Chapter 6 provides the general discussion of the dissertation. This chapter presents an overview of the 
findings of the preceding chapters, hereby addressing the research objectives of the dissertation. We 
also discuss the limitations of the studies and future directions for research. Lastly, implications for 
research, practice and policy are presented.  
 
  
 26 
References 
Akpinar, Y., & Hartley, J. R. (1996). Designing interactive learning environments. Journal of 
Computer Assisted Learning, 12(1), 33-46. doi: 10.1111/j.1365-2729.1996.tb00035.x 
Aksu, M. (1997). Student performance in dealing with fractions. Journal of Educational Research, 
90(6), 375-380.  
Ball, D. L. (1990). The mathematical understandings that prospective teachers bring to teacher 
education. Elementary School Journal, 90(4), 449-466. doi: 10.1086/461626 
Ball, D. L., & Cohen, D. K. (1996). Reform by the book: what is – or might be – the role of 
curriculum materials in teacher learning and instructional reform. Educational researcher, 
25(9), 6-8, 14.  
Ball, D. L., Thames, M. H., & Phelps, G. (2008). Content Knowledge for Teaching What Makes It 
Special? Journal of Teacher Education, 59(5), 389-407. doi: 10.1177/0022487108324554 
Baroody, A. J., & Hume, J. (1991). Meaningful mathematics instruction. The case of fractions. 
Remedial and Special Education, 12(3), 54-68.  
Behr, M. J., Harel, G., Post, T. R., & Lesh, R. (1992). Rational number, ratio, and proportion. In A. 
Grouws (Ed.), Handbook of research on mathematics teaching and learning. A project of the 
national council of teachers in mathmatics (pp. 296-333). New York: Simon and Schuster 
Macmillan. 
Behr, M. J., Harel, G., Post, T. R., & Lesh, R. (1993). Rational numbers: toward a semantic analysis-
emphasis on the operator construct. In T. Carpenter, E. Fennema & T. Romberg (Eds.), 
Rational numbers: an integration of research (pp. 13-47). New Jersey: Lawrence Erlbaum. 
Behr, M. J., Wachsmuth, I., Post, T. R., & Lesh, R. (1984). Order and equivalence of rational 
numbers: a clinical teaching experiment. Journal for Research in Mathematics Education, 
15(5), 323-341.  
Bergqvist, T., & Bergqvist, E. (2011). What is “strong presence” of a message in a steering 
document? Paper presented at the Norma 11, The sixth Nordic Conference on Mathematics 
Education, Reykjavík, Iceland.  
 27 
Borko, H., Eisenhart, M., Brown, C. A., Underhill, R. G., Jones, D., & Agard, P. C. (1992). Learning 
to teach hard mathematics. Do novice teachers and their instructors give up too easily. Journal 
for Research in Mathematics Education, 23(3), 194-222. doi: 10.2307/749118 
Bulgar, S. (2003). Childrens' sense-making of division of fractions. Journal of mathematical behavior, 
22, 319-334.  
Carnine, D., Jitendra, A. K., & Silbert, J. (1997). A descriptive analysis of mathematics curricular 
materials from a pedagogical perspective - A case study of fractions. Remedial and Special 
Education, 18(2), 66-81.  
Carraher, D. W. (1996). Learning about fractions. In L. P. Steffe, P. Nesher, P. Cobb, G. A. Goldin & 
B. Greer (Eds.), Theories of mathematical learning (pp. 241-266). New Jersey: Lawrence 
Erlbaum Associates. 
Charalambous, C. Y., & Pitta-Pantazi, D. (2007). Drawing on a theoretical model to study students' 
understandings of fractions. Educational studies in mathematics, 64(3), 293-316.  
Clandinin, D. J., & Connelly, F. M. (1992). Teacher as curriculum maker. In P. W. Jackson (Ed.), 
Handbook of research on curriculum (pp. 363-401). New York: Macmillan. 
Clement, M., & Staessens, K. (1993). The professional development of primary school teachers and 
the tension between autonomy and collegiality. In F. K. Kieviet & R. Vandenberghe (Eds.), 
School culture, school improvement and teacher development (pp. 129-152). Leiden: DSWO 
Press. 
Clement, M., & Vandenberghe, R. (2000). Teachers' professional development: a solitary or collegial 
(ad)venture? Teaching and Teacher Education, 16(81-101). doi: 10.1016/S0742-
051X(99)00051-7 
Cobb, P. (2007). Putting philosophy to work. Coping with multiple theoretical perspectives. In F. K. 
Lester (Ed.), Second handbook of research on mathematics teaching and learning (pp. 3-38). 
Greenwich, CT: Information Age Publishing. 
Cobb, P., McClain, K., Lamberg, T., & Dean, C. (2003). Situating Teachers' instructional practices in 
the institutional setting of the school and district. Educational Researcher, 32(6), 13-24.  
 28 
Cohen, D. K. (1990). A revolution in one classroom: the case of Mrs. Oublier. Educational evaluation 
and policy analysis, 12(3), 327-345.  
Cramer, K. A., Post, T. R., & delMas, R. C. (2002). Initial fraction learning by fourth- and fifth-grade 
students: A comparison of the effects of using commercial curricula with the effects of using 
the rational number project curriculum. Journal for Research in Mathematics Education, 
33(2), 111-144. doi: 10.2307/749646 
Cronbach, L. J. (1982). Prudent aspirations for social inquiry. In L. Kruskal (Ed.), The future of social 
sciences. Chicago: University of Chicago Press. 
Davis, E. A., & Krajcik, J. S. (2005). Designing educative curriculum materials to promote teacher 
learning. Educational researcher, 34(3), 3-14.  
Dumont, J. J. (1994). Leerstoornissen. Deel 1: theorie en model [learning disabilities. Part 1: theory 
and model]. Rotterdam: Lemniscaat. 
Elsaleh, I. (2010). Teachers’ interactions with curriculum materials in mathematics. School science 
and mathematics, 110(4), 177-179.  
English, L. D., & Halford, G. S. (1995). Mathematics education: models and processes. Hillsdale, NJ: 
Lawrence Erlbaum Associates. 
Feiman-Nemser, S. (1990). Teacher preparation: structural and conceptual alternatives. In W. R. 
Houston & M. Haberman (Eds.), Handbook of research on teacher education. New York: 
Macmillan. 
Fullan, M., & Pomfret, A. (1977). Research on curriculum and instruction implementation. Review of 
Educational Research, 47(2), 335-397. doi: 10.3102/00346543047002335 
Geary, D. C. (2004). Mathematics and learning disabilities. Journal of Learning Disabilities, 37, 4-15. 
doi: 10.1177/00222194040370010201 
Gravemeijer, K. (1994). Educational development and developmental research. Journal for Research 
in Mathematics Education, 25, 443-471. doi: 10.2307/749485 
Gravemeijer, K. (2012). [Personal communication]. 
 29 
Grégoire, J., & Meert, G. (2005). L'apprentissage des nombres rationnels et ses obstacles. In M. P. 
Noël (Ed.), La dyscalculie. Trouble du développement numérique chez 'l enfant. (pp. 223-
251). Marseille: Solal. 
Hackenberg, A. J. (2010). Students' reasoning with reversible multiplicative relationships. Cognition 
and Instruction, 28(4), 383-432. doi: 10.1080/07370008.2010.511565 
Hallett, D., Nunes, T., & Bryant, P. (2010). Individual differences in conceptual and procedural 
knowledge when learning fractions. Journal of educational psychology, 102(2), 395-406. doi: 
10.1037/a0017486 
Heaton, R. M. (1992). Who is minding the mathematics content? A case study of a fifth grade teacher. 
The Elementary School Journal, 93, 153-162.  
Hecht, S. A. (1998). Toward an information-processing account of individual differences in fraction 
skills. Journal of educational psychology, 90(3), 545-559. doi: 10.1037//0022-0663.90.3.545 
Hecht, S. A., Close, L., & Santisi, M. (2003). Sources of individual differences in fraction skills. 
Journal of Experimental Child Psychology, 86(4), 277-302. doi: 10.1016/j.jecp.2003.08.003 
Hill, H. C., & Ball, D. L. (2009). The Curious - and Crucial - Case of Mathematical Knowledge for 
Teaching. Phi Delta Kappan, 91(2), 68-71.  
Hill, H. C., Ball, D. L., & Schilling, S. G. (2008). Unpacking pedagogical content knowledge: 
Conceptualizing and measuring teachers' topic-specific knowledge of students. Journal for 
Research in Mathematics Education, 39(4), 372-400.  
Jacobbe, T. (2012). Elementary school teachers' understanding of the mean and median. International 
Journal of Science and Mathematics Education, 10(5), 1143-1161. doi: 10.1007/s10763-011-
9321-0  
Keijzer, R., & Terwel, J. (2003). Learning for mathematical insight: a longitudinal comparative study 
on modelling. Learning and instruction, 13(3), 285-304. doi: 10.1016/s0959-4752(02)00003-8 
Keiser, J. M., & Lambdin, D. V. (1996). The clock is ticking: time constraint issues in mathematics 
teaching reform. Journal of Educational Research, 90(1), 23-30.  
 30 
Kieren, T. E. (1988). Personal knowledge of rational numbers: Its intuitive and formal development. 
In J. Hiebert & M. Behr (Eds.), Number concepts and operations in the middle grades (pp. 
162-181). Hillsdale, NJ: Lawrence Erlbaum. 
Kieren, T. E. (1993). Rational and fractional numbers: from quotient fields to recursive understanding. 
In T. Carpenter, E. Fennema & T. Romberg (Eds.), Rational numbers: an integration of 
research (pp. 49-84). New Jersey: Lawrence Erlbaum. 
Kilpatrick, J., Swafford, J., & Findell, B. (2001). Adding it up: helping children learn mathematics. 
Washington: National Academy Press. 
Kloosterman, P. (2010). Mathematics skills of 17-year-olds in the United States: 1978 to 2004. 
Journal for Research in Mathematics Education, 41(1), 20-51.  
Korthagen, F., Kessels, J., Koster, B., Lagerwerf, B., & Wubbels, T. (2001). Linking practice and 
theory: the pedagogy of realistic teacher education. Mahwah, NJ: Lawrence Erlbaum. 
Kuhn, T. S. (1970). The structure of scientific revolutions (2 ed.). Chicago: University of Chicago 
Press. 
Lamon, S. J. (1999). Teaching fractions and ratio for understanding: essential content knowledge and 
instructional strategies for teachers. New Jersey: Lawrence Erlbaum Associates. 
Lamon, S. J. (2001). Presenting and representing: from fractions to rational numbers. In A. Cuoco & 
F. Curcio (Eds.), The roles of representations in school mathematics - 2001 yearbook (pp. 
146-165). Reston: NCTM. 
Lamon, S. J. (2007). Rational numbers and proportional reasoning. In F. K. Lester (Ed.), Second 
handbook of research on mathematics teaching and learning (pp. 629-667). Greenwich, CT: 
Information Age Publishing. 
Lloyd, G. M. (1999). Two teachers' conceptions of a reform-oriented curriculum: implications for 
mathematics teacher development. Journal of Mathematics Teacher Education, 2(3), 227-252.  
Lloyd, G. M., Remillard, J. T., & Herbel-Eisenman, B. A. (2009). Teachers’ use of curriculum 
materials: an emerging field. In J. T. Remillard, B. A. Herbel-Eisenman & G. M. Lloyd (Eds.), 
Mathematics teachers at work: connecting curriculum materials and classroom instruction 
(pp. 3-14). New York: Routledge. 
 31 
Lloyd, G. M., & Wilson, M. (1998). Supporting innovation: the impact of a teacher's conceptions of 
functions on his implementation of a reform curriculum. Journal for Research in Mathematics 
Education, 29(3), 248-274. doi: 10.2307/749790 
Louis, K. S., & Smith, B. (1990). Teacher working conditions. In P. Reyes (Ed.), Teachers and their 
workplace: commitment, performance, and productivity. Newbury Park, CA: Sage. 
Ma, L. (1999). Knowing and teaching elementary mathematics: teachers' understandings of 
fundamental mathematics in China and the United States. Mahwah, NJ: Lawrence Erlbaum. 
Mack, N. K. (1990). Learning Fractions with Understanding: Building on Informal Knowledge. 
Journal for Research in Mathematics Education, 21(1), 16-32. doi: 10.2307/749454 
Marshall, S. P. (1993). Assessment of rational number understanding: a schema-based approach. In T. 
Carpenter, E. Fennema & T. Romberg (Eds.), Rational numbers: an integration of research 
(pp. 261-288). New Jersey: Lawrence Erlbaum. 
Ministry of the Flemish Community Department of Education and Training. (1999). Beroepsprofielen 
en specifieke eindtermen van de leraren. Decretale tekst en memorie van toelichting 
[Professional profiles and specific attainment targets of the teachers]. Brussel: Ministerie van 
de Vlaamse Gemeenschap, Departement Onderwijs. 
Ministry of the Flemish Community Department of Education and Training. (2004). Eerste peiling 
wiskunde en lezen in het basisonderwijs [First sample survey of mathematics and reading in 
elementary education]. Brussel: Ministerie van de Vlaamse Gemeenschap, Departement 
Onderwijs. 
Ministry of the Flemish Community Department of Education and Training. (2010). Tweede peiling 
wiskunde in het basisonderwijs [Second sample survey of mathematics in elementary 
education]. Brussel: Ministerie van de Vlaamse Gemeenschap, Departement Onderwijs. 
Misquitta, R. (2011). A review of the literature: fraction instruction for struggling learners in 
mathematics. Learning disabilities Research & Practice, 26(2), 109-119.  
Moseley, B. J., Okamoto, Y., & Ishida, J. (2007). Comparing US and Japanese Elementary School 
Teachers' Facility for Linking Rational Number Representations. International Journal of 
Science and Mathematics Education, 5(1), 165-185.  
 32 
NCES. (2000). The NAEP 1999 Long Term Trend Mathematics Summary Data Tables for Age 17 
Student.  Retrieved 1 November, 2006, from http://nces.ed.gov/naep3/tables/Ltt1999/ 
NCTM. (1991). Professional standards for teaching mathematics. Reston, VA: National Council of 
Teachers of Mathematics. 
NCTM. (2007). The learning of mathematics: 69th yearbook. Reston, VA: National Council of 
Teachers of Mathematics. 
Newton, K. J. (2008). An extensive analysis of preservice elementary teachers' knowledge of fractions. 
American educational research journal, 45(4), 1080-1110. doi: 10.3102/0002831208320851 
Ni, Y. J., & Zhou, Y. D. (2005). Teaching and learning fraction and rational numbers: The origins and 
implications of whole number bias. Educational Psychologist, 40(1), 27-52. doi: 
10.1207/s15326985ep4001_3 
Noelting, G. (1980). The development of proportional reasoning and the ratio concept: part I - 
differentiation of stages. Educational studies in mathematics, 11(2), 217-253.  
Post, T., Cramer, K., Behr, M., Lesh, R., & Harel, G. (1993). Curriculum implementations of research 
on the learning, teaching and assessing of the rational number concepts. In T. Carpenter, E. 
Fennema & T. Romberg (Eds.), Rational numbers: an integration of research (pp. 327-362). 
New Jersey: Lawrence Erlbaum. 
Prediger, S. (2008). The relevance of didactic categories for analysing obstacles in conceptual change: 
Revisiting the case of multiplication of fractions. Learning and instruction, 18(1), 3-17. doi: 
10.1016/j.learninstruc.2006.08.001 
Remillard, J. T. (1999). Curriculum materials in mathematics education reform: a framework for 
examining teachers’ curriculum development. Curriculum inquiry, 100(4), 315-341. doi: 
10.1111/0362-6784.00130 
Remillard, J. T. (2005). Examining key concepts in research on teachers’ use of mathematics 
curricula. Review of educational research, 75(2), 211-246. doi: 10.3102/00346543075002211 
Remillard, J. T., & Bryans, M. B. (2004). Teachers’ orientations toward mathematics curriculum 
materials: implications for teaching learning. Journal for research in mathematics education, 
35(5), 352-388.  
 33 
Richardson, V., & Placier, P. (2001). Teacher change. In V. Richardson (Ed.), Handbook of research 
on teaching (4 ed., pp. 905-947). Washington, D.C.: American Educational Research 
Association. 
Rittle-Johnson, B., & Alibali, M. W. (1999). Conceptual and procedural knowledge of mathematics: 
Does one lead to the other? Journal of Educational Psychology, 91(1), 175-189.  
Rittle-Johnson, B., & Siegler, R. (1998). The relations between conceptual and procedural knowledge 
in learning mathematics: a review. In D. C. (Ed.), The development of mathematical skill (pp. 
75-110). Hove, England: Psychology Press. 
Rittle-Johnson, B., Siegler, R. S., & Alibali, M. W. (2001). Developing conceptual understanding and 
procedural skill in mathematics: An iterative process. Journal of educational psychology, 
93(2), 346-362. doi: 10.1037/0022-0663.93.2.346 
Schepens, A. (2005). A study of the effect of dual learning routes and partnerships on students' 
preparation for teh teaching profession. Unpublished doctoral dissertation. Ghent University. 
Ghent.  
Schoenfeld, A. H. (2007). Method. In F. K. Lester (Ed.), Second handbook of research on 
mathematics teaching and learning (pp. 69-107). Greenwich, CT: Information Age 
Publishing. 
Schwab, J. J. (1978). Science, curriculum, and liberal education (selected essays). Chicago: 
University of Chicago Press. 
Shulman, L. S. (1986a). Paradigms and research programs in the study of teaching: a contemporary 
perspective. In M. C. Wittrock (Ed.), Handbook of research on teaching (pp. 3-36). New 
York: MacMillan. 
Shulman, L. S. (1986b). Those who understand: Knowledge growth in teaching. Edcational 
Researcher, 15(2), 4-14.  
Shulman, L. S. (1987). Knowledge and teaching: foundations of the new reform. Harvard educational 
review, 57(1), 1-22.  
Siegler, R. (1991). In Young Children's Counting, Procedures Precede Principles. Educational 
Psychology Review, 3(2), 127-135. doi: 10.1007/bf01417924 
 34 
Siegler, R., Carpenter, T., Fennell, F., Geary, D., Lewis, J., Okamoto, Y., . . . Wray, J. (2010). 
Developing effective fractions instruction for kindergarten through 8th grade: A practice guide 
(NCEE#2010-4039). Washington: National Center for Education Evaluation and Regional 
Assistance, Institute of Educational Sciences, U.S. Department of Education. 
Siegler, R., & Crowley, K. (1994). Constraints on learning in nonprivileged domains. Cognitive 
Psychology, 27(2), 194-226. doi: 10.1006/cogp.1994.1016 
Siegler, R., Thompson, C., & Schneider, M. (2011). An integrated theory of whole number and 
fractions development. Cognitive Psychology, 62, 273-296. doi: 
10.1016/j.cogpsych.2011.03.001 
Snyder, J., Bolin, F., & Zumwalt, K. (1992). Curriculum implementation. In P. W. Jackson (Ed.), 
Handbook of research on curriculum (pp. 402-435). New York: Macmillan. 
Spencer, D. A. (2001). Teachers' work in historical and social context. In V. Richardson (Ed.), 
Handbook of research on teaching (4 ed., pp. 803-825). Washington, D.C.: American 
Educational Research Association. 
Stafylidou, S., & Vosniadou, S. (2004). The development of students' understanding of the numerical 
value of fractions. Learning and instruction, 14(5), 503-518. doi: 
10.1016/j.learninstruc.2004.06.015 
Standaert, R. (1993). Technical rationality in education management: a survey covering England, 
France, and Germany. European Journal of Education, 28(2), 159-175.  
Stein, M. K., Grover, B. W., & Henningsen, M. (1996). Building student capacity for mathematical 
thinking and reasoning: An analysis of mathematical tasks used in reform classrooms. 
American Educational Research Journal, 33(2), 455-488. doi: 10.3102/00028312033002455 
Stein, M. K., & Kim, G. (2009). The role of mathematics curriculum materials in large-scale urban 
reform. In J. T. Remillard, B. A. Herbel-Eisenman & G. M. Lloyd (Eds.), Mathematics 
teachers at work: connecting curriculum materials and classroom instruction (pp. 37-55). 
New York: Routledge. 
 35 
Stein, M. K., Remillard, J., & Smith, M. S. (2007). How curriculum influences student learning. In F. 
K. Lester (Ed.), Second handbook of research on mathematics teaching and learning (pp. 319-
370). Greenwich, CT: Information Age Publishing. 
Stigler, J., & Hiebert, J. (1999). The teaching gap: Best ideas from the world’s teachers for improving 
education in the classroom. New York: The free press. 
Stock, P., Desoete, A., & Roeyers, H. (2006). Focussing on mathematical disabilities: a search for 
definition, classification and assessment. In S. V. Randall (Ed.), Learning disabilities: new 
research (pp. 29-62). Hauppage, NY: Nova Science. 
Streefland, L. (1991). Fractions in realistic mathematics education: a paradigm of developmental 
research. Dordrecht, The Netherlands: Kluwer Academic Publishers. 
Toluk-Ucar, Z. (2009). Developing pre-service teachers understanding of fractions through problem 
posing. Teaching and Teacher Education, 25(1), 166-175. doi: 10.1016/j.tate.2008.08.003 
Van de Walle, J. A. (2010). Elementary and middle school mathematics: teaching developmentally (7 
ed.). Boston: Allyn & Bacon. 
Verschaffel, L. (2004). All you wanted to know about mathematics education in Flanders, but were 
afraid to ask. In R. Keijzer & E. de Goeij (Eds.), Rekenen-wiskunde als rijke bron 
[Mathematics education as a gold mine] (pp. 65-86). Utrecht, The Netherlands: Freudenthal 
Instituut. 
Verschaffel, L., Janssens, S., & Janssen, R. (2005). The development of mathematical competence in 
Flemish preservice elementary school teachers. Teaching and teacher education, 21(1), 49-63. 
doi: 10.1016/j.tate.2004.11.005 
Wilson, S. M., Shulman, L. S., & Richert, A. E. (1987). 150 different ways of knowing: 
Representations of knowledge in teaching. In J. Calderhead (Ed.), Exploring teachers’ 
thinking. Sussex: Holt, Rinehart, & Winston. 
Zeichner, K. (1983). Alternative paradigms of teacher education. Journal of Teacher Education, 34(3), 
3-9. doi: 10.1177/002248718303400302 
Zeichner, K. (2006). Concepts of teacher expertise and teacher training in the United States. Zeitschrift 
Fur Padagogik, 97-113.  
 36 
Zhou, Z., Peverly, S. T., & Xin, T. (2006). Knowing and teaching fractions: A cross-cultural study of 
American and Chinese mathematics teachers. Contemporary educational psychology, 31(4), 
438-457. doi: 10.0116/j.cedpsych.2006.02.001 
 
 
 
  
 37 
 
 
 
 
 
 
 
 
 
 
Chapter 2 
Mathematical difficulties in elementary school: Building on teachers’ 
pedagogical content knowledge  
 
 
 
  
 38 
Chapter 2 
 
Mathematical difficulties in elementary school: Building on teachers’ pedagogical content 
knowledge1  
 
Abstract 
 
The present exploratory study builds on teachers’ knowledge of mathematical difficulties. Based on 
the input of 918 elementary school teachers, an attempt is made to develop an overview of difficult 
curriculum subjects in elementary school mathematics. The research approach builds on an extended 
view on teacher professionalism and on teachers’ pedagogical content knowledge (Shulman 1986, 
1987). The results revealed that especially fractions, division, numerical proportions and problem 
solving items are found to be difficult. Regarding the reported difficulties related to the curriculum 
program, it is found that the adoption of a specific curriculum program might play a role.  
 
                                                     
1
 Based on: 
Van Steenbrugge, H., Valcke, M., & Desoete, A. (2010). Mathematics learning difficulties in primary education: 
teachers' professional knowledge and the use of commercially available learning packages. Educational studies, 
36, 1, 59-71. 
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1. Introduction 
Although the prevalence of reading problems on the one hand and mathematical problems on the other 
hand seems to be equal (Desoete, Roeyers, & De Clercq, 2004; Dowker, 2005; Ruijssenaars, van Luit, 
& van Lieshout, 2006), this is not reflected in the amount of research focusing on each field 
(Ginsburg, 1997; Mazzocco & Myers, 2003). Far more research is set up in the field of reading, while 
the field of mathematics remains underdeveloped. The present study tackles this shortcoming by 
focusing on mathematical difficulties. Moreover, taken into account research indicating that especially 
early interventions are effective (Dowker, 2004; Kroesbergen & Van Luit, 2003; Van Luit & 
Schopman, 2000), we focus on mathematical difficulties in elementary school. 
The aim of the current study is twofold. First, on the base of teachers’ pedagogical content knowledge, 
an effort is made to develop an overview of mathematical difficulties in elementary school. In 
addition, an attempt is made to analyze whether the implementation of a specific curriculum program 
might matter in relation to reported mathematical difficulties. 
 
1.1. Learning difficulties 
According to Dumont (1994) two types of learning problems can be distinguished: a learning 
disability is situated in the child’s own cognitive development, whereas the cause of a learning 
difficulty is situated outside the child or in another problem in the child. In this study, we focus on 
mathematical difficulties. Or as cited by Carnine, Jitendra, and Silbert (1997), “individuals who 
exhibit learning difficulties may not be intellectually impaired; rather, their learning problems may be 
the result of an inadequate design of instruction in curricular materials” (p. 3). 
In the literature, no concrete numbers are reported about the prevalence of mathematical difficulties. In 
contrast, the prevalence of mathematical disabilities is estimated at approximately five to eight percent 
(Desoete, 2007; Geary, 2004; Stock, Desoete, & Roeyers, 2006). Compared to the large number of 
studies focusing on children with learning disabilities, little is known about learners with learning 
difficulties. The present study addresses this shortcoming.  
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1.2. Curriculum programs 
In the remainder of this dissertation, we adopt the term curriculum program2. In Flanders, the choice of 
a mathematics curriculum program is an autonomous school-decision. Most schools adopt one 
commercial mathematics curriculum program throughout all grades. The curriculum program consist 
of two main parts: the explanations and exercises for the students, and the educational guidelines for 
the teachers (the teacher’s guide) that explain how to teach the contents, how to organize the lessons in 
such a way that they build on each other, how to use didactical materials, etc. The basic principles 
underlying each curriculum program are shared by all: all curriculum programs are curriculum-based, 
cluster lessons in a week, a block, or a theme addressing the main content domains of mathematics 
education (i.e. numbers and calculations, measurement, geometry). The specific content of the 
domains are in accordance with the three most frequently used curricula in Flanders (the curriculum of 
the publicly funded, privately run education; the curriculum of the publicly funded, publicly run 
education; the curriculum of the Flemish Community). These curricula specify at each grade level 
detailed the content to be mastered by the specific students. The curriculum programs address these 
curricula by means of instruction and exercises for all students that focus on mastering the specific 
content, and by means of additional exercises that aim to differentiate according to students’ needs.  
Previous research indicates that it is difficult to judge or compare the efficacy or efficiency of different 
curriculum programs (Deinum & Harskamp, 1995; Gravemeijer et al., 1993; Janssen, Van der Schoot, 
Hemker, & Verhelst, 1999). Authors point out that every curriculum program has its own strengths 
and weaknesses (Ruijssenaars et al., 2006). In the Flemish context, it also has to be stressed that the 
curriculum programs have not been subject of an evaluative study, nor are they the results of an 
evidence-based mathematics instructional strategy.  
 
1.3. An extended view on teacher professionalism and teachers’ knowledge 
Since World War II and especially since the Sputnik crisis, a growing uncertainty about the quality of 
teachers resulted in a standardization of teaching tasks which in turn led to a technical-instrumental 
                                                     
2
 A more comprehensive description of curriculum programs in Flanders is provided in Chapter 3. 
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definition of the teaching profession (Richardson & Placier, 2001; Schepens, 2005). In this technical-
instrumental view, teachers’ autonomy is restricted to the classroom where the teacher executes what 
others prescribe (Louis & Smith, 1990; Spencer, 2001). In clear contrast to this restricted conception 
of teacher professionalism (Hoyle, 1969, 1975), a more extended view has emerged considering 
teachers to be active and accountable (Feiman-Nemser, 1990; Korthagen, Kessels, Koster, Lagerwerf, 
& Wubbels, 2001; Standaert, 1993; Zeichner, 1983, 2006). This introduces a valorization of the 
professional identity of teachers and their experiential knowledge base. This is yet not always the case 
when the focus is on mathematics performance. In several large scale studies the main focus is 
predominantly on student variables, while the knowledge and experiences of the teachers is neglected 
to a large degree; see for instance the Programme for International Student Assessment [PISA] 
(OECD, 2007) and the First sample survey of mathematics and reading in elementary education 
(Ministry of the Flemish Community Department of Education and Training, 2004) in Belgium. 
Exceptions are the Trends in International Mathematics and Science Study [TIMSS] (Mullis, Martin, 
& Foy, 2005) and the Periodical Sample Survey of the educational level (Janssen, Van der Schoot, & 
Hemker, 2005) in the Netherlands.  
According to Shulman (1986, 1987), there are seven categories of professional knowledge that direct 
teachers’ understanding of learners and their learning processes: content knowledge, general 
pedagogical knowledge, curriculum knowledge, pedagogical content knowledge, knowledge of 
learners and their characteristics, knowledge of educational contexts, and knowledge about 
educational objectives. Pedagogical content knowledge is of special interest because it integrates 
content knowledge with features of the teaching and learning process (Grimmett & Mackinnon, 1992). 
Shulman phrases this as follows: “It represents the blending of content and pedagogy into an 
understanding of how particular subjects, problems, or issues are organized, represented, and adapted 
to the diverse interests and abilities of learners, and presented for instruction” (Shulman, 1987, p. 8). 
In other words, teachers need to know the subjects which are difficult for children and the 
representations which are useful for teaching a specific content idea (Ball, Lubienski, & Mewborn, 
2001, p. 448). Keeping this in mind, and given the limited attention to teachers’ knowledge with 
regard to the diagnosis of mathematical problems, we build in the present study on teachers’ 
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pedagogical content knowledge. This represents an attempt to put a stronger emphasis on teachers’ 
knowledge within the research field of mathematics education. We are aware that this might be a 
perilous activity (Munby, Russel, & Martin, 2001) and we lean on Richardson and Placier (2001) who 
argue that the complexity of the teaching activity in this respect justifies to take into account the 
central position of the teacher as a thinking, decision-making, reflective, and autonomous professional. 
 
2. Research objectives 
Building on the above rationale, the following two research questions are put forward. First, we want 
to study the prevalence of mathematical difficulties in elementary school as reflected in teachers’ 
pedagogical content knowledge. Additionally, we want to study whether teachers’ implementation of a 
specific curriculum program might play a role in this respect.  
 
3. Method 
3.1. Respondents 
A sample of 918 teachers from 243 schools completed a questionnaire. As illustrated in Figure 1, this 
sample can be considered as representative for the population of elementary school teachers in 
Flanders (Flanders is the Dutch speaking region of Belgium). Teachers on average have 16.72 years 
(SD = 9.93) of experience in education. On average they have 9.62 years of experience (SD = 8.16) in 
the current grade they teach, and 4.44 years (SD = 2.90) of experience with the current curriculum 
program being used in their mathematics lessons. 
Figure 1. Population 
61%
24%
15%
53%
26%
21%
Publicly funded, privately run
education
Publicly funded, publicly run
education
Education of the Flemish
Community
Elementary school teachers in 
Flanders
Respondents questionnaire
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3.2. Research instrument 
A questionnaire was presented to all teachers focusing on their teaching experiences and the 
curriculum program they currently use in their mathematics lessons. Given that three curricula (cfr. 
supra) are predominant in Flemish elementary schools, the questionnaire builds on the presence of 
these curricula and presents items in relation to four mathematics domains that reoccur in each of 
them: the main content domains (numbers and calculations, measurement, geometry) and problem 
solving.  
In relation to each of the four mathematics domain, the items asks to judge whether (a) ‘In general, 
students have difficulties to attain this learning goal’ and whether (b)‘The way the curriculum 
program supports this learning goal, causes difficulties in learning’. Respondents rate to what extent 
they agree with the statement on a 5-point Likert scale, ranging from ‘totally disagree (1)’ to ‘totally 
agree (5)’. A grade-specific questionnaire was presented to first and second grade teachers, another 
version to third and fourth grade teachers, and a third version of the questionnaire to fifth and sixth 
grade teachers. Respondents were also asked to specify the curriculum program used in their class and 
to indicate the number of years of teaching experience. The questionnaire was pilot tested with both 
teachers and educational support staff.  Building on the comments of this pilot test participants, a final 
version of the questionnaire was developed. 
As can be derived from Table 1, the internal consistency of the different subsections of the instrument 
based on the complete sample of respondents is high, with only one Cronbach’s α-value lower than 
.80, but still higher than .70. 
Table 1. Intenal consistency of the different subsections in the resarch instrument according to grade 
  Numbers and 
calculations 
 Measuring  Geometry  Problem 
solving 
  α n  α n  α n  α n 
First and second gradeA  .84 15  .83 8  .72 5  .86 7 
First and second gradeB  .83 15  .89 8  .83 5  .88 7 
Third and fourth gradeA  .89 25  .84 11  .83 10  .87 8 
Third and fourth gradeB  .92 25  .89 11  .87 10  .93 8 
Fifth and sixth gradeA  .90 26  .91 14  .85 9  .87 8 
Fifth and sixth gradeB  .94 26  .93 14  .86 9  .90 8 
Note. An index A refers to the following question teachers had to judge ‘In general, students have difficulties to 
learn this’; an index B refers to the following question teachers had to judge ‘The way the curriculum program 
supports this learning goal, causes difficulties in learning’. 
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3.3. Procedure 
To involve a wide variety of teachers and schools in the present study, a specific sampling approach 
was adopted. The research project was announced via the media. Schools and teachers were informed 
via a national professional journal, the official electronic newsletter for teachers and principals 
distributed by the Department of Education, an Internet site, the official Learner Support Centres, the 
different educational networks, and via teacher labour unions. When respondents showed interest, they 
contacted the researcher for more information and were sent the specific questionnaires. This approach 
resulted in a large opportunity sample of 918 teachers from 243 schools. Data collection took place 
during the period January 2007 to June 2007 and January 2008 to June 2008. As mentioned before and 
illustrated in Figure 1, the sample can be considered as representative for the population of elementary 
school teachers in Flanders. 
 
4. Results 
4.1. Main research objective: Overview of mathematical difficulties in elementary school 
Table 2 presents an overview of the mathematics curriculum subjects that are reported to present 
difficulties for elementary school students.  
The results indicate that according to the teachers, the following curriculum subjects consistently pose 
learning difficulties in all grades the subject is part of the mathematics curriculum: fractions (1st to 6th 
grade), division (1st to 6th grade), numerical proportions (3rd to 6th grade), scale (5th to 6th grade), and 
almost every problem solving item (1st to 6th grade). Items which present – according to the teachers – 
difficulties in at least half of the grades when the subject is part of the mathematics curriculum, are: 
estimation (4th-6th grade), long divisions (5th and 6th grade), length (2nd to 4th grade), content (1st, 2nd, 
3rd, 5th, 6th grade), area (4th and 5th grade ), time (1st to 5th grade), and the metric system (5th grade).  
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Table 2. Difficult curriculum subjects in the mathematics curriculum of elementary school 
Curriculum subject                                             Grade: first second third fourth fifth sixth 
Numbers and calculations       
 To compare and sort quantity       
 To count       
 To recognize and to form quantities   / / / / 
 Natural numbers       
 Fractions * * * * * * 
 Decimals / /     
 Percentages / / / /   
 Negative numbers / /     
 Divisors and multiples / / / /   
 Other numerical systems / / / /   
 To estimate and round off / /  *   
 Mathematics language  *     
 To add up and to subtract up to 10     / / 
 To add up  *     
 To subtract  *   *  
 Multiplication and division tables up to 100     / / 
 Multiplication * *     
 Division * * * * * * 
 Relation between operations *      
 Numerical proportions / / * * * * 
 Tables and graphs       
 To estimate / /  * * * 
 Do calculations (to add up) / /     
 Do calculations (to subtract) / /     
 Do calculations (to multiply) / /     
 Do calculations (to do long divisions) / /   * * 
 Do calculations (general) / /     
 The calculator / / / /   
Measurement       
 Length  * * *   
 Scale / / / / * * 
 Perimeter / /     
 Weight   *    
 Area / /  * *  
 Content  * * *  * * 
 Money       
 Time * * * * *  
 Temperature       
 Degree of angle / /   *  
 The metric system / / / / *  
 Speed     *  
 Reference points / to estimate * *     
Geometry       
 3D orientation    *   
 Points, lines, planes       
 Angles / /   / / 
 2D figures / /     
 3D figures / / / /   
 Parallelism / /   / / 
 Perpendicularly / /   / / 
 Symmetry / /     
 Equality of shape and size, congruence       
 To puzzle and to construct    *   
 Movement and direction    * *  
Problem solving       
 To understand a mathematical problem * * * * * * 
 To create and implement a solution plan * * * * * * 
 To judge the result * * * * * * 
 There are several ways of solution for one problem * *     
 Generate questions with regard to a certain situation * * * * * * 
 To reflect upon the solution process  * * * * * * 
 To implement learned concepts in realistic situations * * * * * * 
 To illustrate the relevance of mathematics in society / /     
Note. An asterix (*) indicates that a specific curriculum subject is difficult in a particular grade. A slash (/) 
indicates that the specific subject is not part of the curriculum in that particular grade. 
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According to the elementary school teachers, the mathematics curriculum in second grade seems to 
present the largest percentage of difficulties (see Table 3). Next in the ranking are first, fifth, fourth, 
third, and sixth grade. 
Table 3. Number of difficult curriculum subjects for each grade 
  Number of curriculum 
subjects included in the 
questionnaire 
 Number of curriculum 
subjects considered as 
being difficult 
 Percentage of difficult 
curriculum subjects 
Grade 1  35  14  40.00% 
Grade 2  35  17  48.57% 
Grade 3  54  13  24.07% 
Grade 4  54  17  31.48% 
Grade 5  57  20  35.09% 
Grade 6  57  13  22.81% 
 
4.2. Additional research objective: Analysis of differences between teacher ratings based on the 
curriculum program used in class 
Table 4 gives an overview of the most frequently used mathematics curriculum programs in 
elementary schools in Flanders.  
The results indicate that five curriculum programs are dominantly used by elementary school teachers 
in their mathematics classes: Eurobasis (26.55%), Zo gezegd, zo gerekend (25.35%), Kompas 
(15.02%), Nieuwe tal-rijk (11.53%) and Pluspunt (10.12%). The five curriculum programs, jointly, are 
used by 88.57 % of the elementary school teachers participating in the study. 
Table 4. Most frequently used curriculum programs in the study 
Curriculum program* Frequency (%) 
Eurobasis 26.55 
Zo gezegd, zo gerekend 25.35 
Kompas 15.02 
Nieuwe tal-rijk 11.53 
Pluspunt 10.12 
 
In view of the second research objective, we focus our analysis on the data of teachers using one of the 
abovementioned curriculum programs in their instructional practice. It is to be noted that Kompas is an 
updated version of Eurobasis. At the moment this study was set up, no version was therefore yet 
available of Kompas for fourth, fifth, and sixth grade.  
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By means of an analysis of covariance with curriculum program as factor and number of years 
teaching experience as covariate, we were able to detect significant differences in teacher ratings 
regarding the mathematical difficulties related to the curriculum program (see Table 5).  
Table 5. Significant differences in teacher ratings related to the curriculum programs used by the teachers 
Grades Mathematics domains  Main effecta  F 
First and second grade Numbers and calculations  curriculum program  F(4,259) = 4.05** 
Measurement  curriculum program  F(4,257) = 9.98** 
Geometry 
Geometry 
 experience 
curriculum program 
 F(1,256) = 4.70* 
F(4,256) = 9.17** 
Problem solving  curriculum program  F(4,250) = 3.24* 
Third and fourth grade Measurement  curriculum program  F(4,253) = 5.51** 
Geometry  curriculum program  F(4,252) = 3.85* 
Problem solving  curriculum program  F(4,251) = 5.03** 
Fifth and sixth grade Numbers and calculations  curriculum program  F(4,250) = 4.95** 
Measurement  curriculum program  F(4,248) = 3.74* 
Geometry  curriculum program  F(4,247) = 3.32* 
Problem solving  curriculum program  F(4,244) = 3.35* 
Note. a Significant main effects relate to the question: ‘The way the curriculum program supports this learning 
goal, causes difficulties in learning’ 
* p<.05; ** p< .005 
 
In grade one to grade six, we observe significant differences in ratings of the curriculum programs in 
relation to specific mathematics domains. Only in relation to the domain numbers and calculations in 
the third and fourth grade, no significant differences in curriculum program-related ratings of teachers 
are observed. As such, in relation to all other mathematics domains in all other grades, we observe 
significant differences in ratings depending of the curriculum programs. Additionally, with regard to 
geometry in the first and second grade, we also observe a main effect of the covariate teaching 
experience. 
 
5. Discussion, limitations, and conclusion 
Given the lack of research on mathematical difficulties (Ginsburg, 1997; Mazzocco & Myers, 2003) 
and the need to start early with interventions to cope with related difficulties (Kroesbergen & Van 
Luit, 2003), the current research centered on an analysis of the occurrence of mathematical difficulties 
in elementary school. As an alternative to student assessment of mathematics performance, the present 
study was set up in line with an extended view on teacher professionalism (Hoyle, 1975; Korthagen et 
al., 2001). This has resulted in a study that builds on an integration of teachers’ pedagogical content 
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knowledge in the research field of mathematics education. Teachers were invited to report their 
observation of learning difficulties for specific mathematics domains. Especially the problem solving 
domain is reported to present difficulties, together with fractions, division and numerical proportions. 
Those curriculum subjects are reported to invoke difficulties in all elementary school grades where the 
subject is part of the mathematics curriculum (see Table 2). Other subjects presenting difficulties are 
estimation, long division, length, content, area, time and the metric system. 
A closer look at the research data from a grades’ perspective, reveals that mathematics education can – 
in general – be considered as being difficult for learners during their entire elementary school career 
(see Table 3). Moreover, the proportion of difficult subjects is the largest in the second grade, 
followed by the first grade, the fifth grade, the fourth grade, the third grade and the sixth grade. 
To support mathematics education, a variety of curriculum programs is available for teachers to 
support their instructional activities. Since the efficacy and efficiency of curriculum programs has not 
yet been studied in the Flemish context, a second research objective addressed differences in teacher 
ratings about the curriculum program used in class. Teachers reported significant differences in the 
occurrence of mathematical difficulties that could be related to the curriculum program used. This 
suggests that the choice for a specific curriculum program might matter.  
Yet, we have to be aware of some limitations of the present study. The research sample was – though 
considered to be representative – not randomly selected. A second limitation is related to the strong 
focus on teacher knowledge about mathematics learning. Though the teacher perspective is hardly 
studied in this context (Bryant et al., 2008), it is important to balance their opinion and perspective 
with those of others. Pajares (1992) and others (e.g. Correa, Perry, Sims, Miller, & Fang, 2008; 
Phillipp, 2007; Staub & Stern, 2002) stress for instance that one should take into account teachers’ 
practices and students’ outcomes. Future research should therefore focus on an integrated approach 
and combine teachers’ knowledge, teacher practices, and student outcomes in order to develop a more 
profound picture of mathematical difficulties in elementary school and to evaluate the curriculum 
programs.  
Finally, from the point of view of educational practice, the present study generally points out that 
mathematics education can be considered as difficult throughout elementary school. Moreover, the 
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study reveals that particular mathematics subjects seem to be more difficult than others, and that some 
curriculum subjects are experienced to be consistently difficult in elementary school. In addition, the 
study suggests that the choice for a specific curriculum program might matter to attain specific 
learning goals.  
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Chapter 3 
 
Teachers’ views of curriculum programs in Flanders: Does it (not) matter which mathematics 
curriculum program schools choose?3 
 
Abstract 
 
The debate on the differential effects of mathematics curriculum programs is a recurrent topic in the 
research literature. Research points to a lack of evidence to decide on the relevance of the selection by 
schools of a mathematics curriculum program. Studies also point at difficulties in comparing 
curriculum programs. Recently, in order to examine the influence of mathematics curriculum 
programs on student learning, the need to take into account variables between the mathematics 
curriculum program and the enacted curriculum is stressed. This paper focuses on one such variable: 
teachers’ views of mathematics curriculum programs. Views of mathematics curriculum programs of 
814 teachers and mathematics performance results of 1579 students were analyzed. The results point 
out that with regard to teachers’ views of curriculum programs, the question ‘Does it really matter 
which curriculum program schools choose’ has to be answered positively. Implications of the findings 
are discussed. 
 
                                                     
3
 Based on: 
Van Steenbrugge, H., Valcke, M., & Desoete, A. (in press). Teachers’ views of mathematics textbook series in 
Flanders: does it (not) matter which mathematics textbook series schools choose? Journal of curriculum studies. 
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1. Introduction 
One can hardly overemphasize the importance of mathematical literacy in our society (Dowker, 2005; 
Swanson, Jerman, & Zheng, 2009). Basic skills in mathematics are needed to operate effectively in 
today’s world (Grégoire & Desoete, 2009; NCTM, 2000; OECD, 2010). As a result, mathematics 
generally figures as an important curriculum domain in education (Buckley, 2010; Keijzer & Terwel, 
2003).  
A large number of variables and processes affect mathematics learning outcomes: student 
characteristics, class climate, teacher characteristics, teaching approaches, … to name just a few. In 
this context, mathematics curriculum programs also play a role in both the teaching and learning 
processes that affects learning outcomes (Bryant et al., 2008; Nathan, Long, & Alibali, 2002). In the 
current study, the term “curriculum program” refers to the printed and published resources designed to 
be used by teachers and students before, during and after mathematics instruction. On the one hand, 
they are considered to be sources of explanations and exercises for students to complete and, on the 
other hand, they refer to the instructional guides for teachers that highlight the how and the what of 
teaching (Schmidt, McKnight, Valverde, Houang, & Wiley, 1997; Stein, Remillard, & Smith, 2007). 
In addition, we also refer to additional materials that are mentioned or included in the instructional 
guides for teachers or in the exercises for the students like additional software, coins, calculator, … 
This does not include other materials that are not mentioned or included in the instructional guides like 
videos, internet resources, and other books but on which teachers may rely when teaching 
mathematics.  
This current study consists of two studies that both focus on curriculum programs: the first study 
analyzes whether teachers’ views of curriculum programs differ depending on the curriculum 
program; the second study analyzes whether students’ performance results differ between curriculum 
programs. 
 
2. Curriculum programs in Flemish elementary school and elsewhere 
This study focuses on mathematics curriculum programs used in Flanders (the Dutch-speaking part of 
Belgium) and as such narrows down to a particular location with its own peculiarities. However, there 
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are similarities with curriculum programs in other regions. To illustrate this, we describe the situation 
in Flanders and highlight the situation in some other regions. 
In Flanders, the choice of a curriculum program is an autonomous school-decision. Most schools adopt 
one commercial curriculum program throughout all grades. Five curriculum programs dominate the 
elementary school market: Eurobasis, Kompas, Zo gezegd, zo gerekend, Nieuwe tal-rijk, and Pluspunt 
(Van Steenbrugge, Valcke, & Desoete, 2010). A detailed description of the five mathematics 
curriculum programs is provided in Appendix. The curriculum programs consist of 2 main parts: the 
explanations and exercises for the students, and the educational guidelines for the teachers that explain 
how to teach the contents, how to organize the lessons in such a way that they build on each other, 
how to use other didactical materials, etc. The basic principles underlying each curriculum program 
are shared by all: all curriculum programs are curriculum-based, cluster lessons by week, a block or a 
theme addressing the main content domains of mathematics education (numbers and calculations, 
measurement, geometry). The specific content of the domains are in accordance with the three most 
frequently used curricula in Flanders (see Appendix). These curricula specify - at each grade level - 
detailed the content to be mastered by the specific students. The curriculum programs address these 
curricula by means of instructions and exercises for all students that focus on mastering the specific 
content, and by means of additional exercises that aim to differentiate according to students’ needs. 
The curriculum programs typically provide exercises for students to work on after the teacher 
explained initial examples.  
Whilst the five curriculum programs can be assumed to be largely equivalent, two curriculum 
programs stand out: Pluspunt and Nieuwe tal-rijk. Pluspunt incorporates explicit student-centred 
lessons, formulates rather general directions for teaching and the “courses” address more than one 
mathematics content domain. Nieuwe tal-rijk on the other hand gives the teacher more additional tools 
and materials, provides a far more detailed description of each course, provides additional didactical 
suggestions and mathematical background knowledge for the teacher and provides suggestions to 
implement learning paths, in order to help the teacher to maintain control.  
In the Netherlands, the same picture emerges as in Flanders: curriculum programs are curriculum-
based, chosen by the school team, consist also of a guide for teachers and materials for the learners, 
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and within one school, the curriculum programs of one commercial series are used throughout all 
grades (Bruin-Muurling, 2011; O'Donnell, Sargent, Byrne, White, & Gray, 2010; van Zanten, 2011). 
In France, the government prescribes the content and format and approves the curriculum programs –
which are all commercial – for use in schools. The choice for a curriculum program in elementary 
school is decided at the class level by the teacher. As a result, mathematics curriculum programs of 
several commercial series can be used throughout all grades within a single school (Gratrice, 2011; 
O'Donnell et al., 2010). In England, all curriculum programs are commercial (Hodgen, 2011; 
O'Donnell et al., 2010). The extent to which the curriculum programs are used as a primary basis to 
teach mathematics in elementary school is lower as compared to many other countries (Mullis, Martin, 
& Foy, 2008). Curriculum programs are viewed as one of the many resources that teachers use in their 
classrooms (Askew, Hodgen, Hossain, & Bretscher, 2010; Pepin, Haggarty, & Keynes, 2001). Instead 
of using one single curriculum program as a primary basis for lessons, teachers are encouraged to use 
different resources, such as internet resources and books as lesson starters (Department for Education, 
2011). Still, nearly 80% of the elementary school teachers in England make at least some use of 
curriculum programs to teach mathematics (Mullis et al., 2008). Curriculum programs also contain a 
guide for teachers, but teachers mainly build on the ‘mathematics framework’ provided by the 
Department for Education (Hodgen, Küchemann, & Brown, 2010). In China, the government approves 
the curriculum programs and local authorities decide for each single grade which curriculum programs 
schools should use, resulting in the use of several commercial curriculum programs throughout all 
grades in one school (Ministry of Education in P.R.China, 2011). The curriculum programs also 
contain a guide for teachers. 
As illustrated above, there are differences between regions considering curriculum programs for 
elementary school. Nevertheless, it can be concluded that mathematics curriculum programs are 
predominant in elementary school. Moreover, mathematics curriculum programs are often the primary 
resource for teachers and students in the classroom (Elsaleh, 2010; Grouws, Smith, & Sztajn, 2004; 
Kauffman, Johnson, Kardos, Liu, & Peske, 2002; Mullis et al., 2008; Pepin et al., 2001; Schug, 
Western, & Enochs, 1997). 
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3. The current study 
Despite the recognized prominent position of mathematics curriculum programs in the teaching and 
learning process, there is no agreement on its differential impact on students’ performance results. 
Slavin and Lake (2008), for instance, stress that there is a lack of evidence to conclude or not that it 
matters which mathematics curriculum programs schools adopt. It is difficult to judge or compare the 
efficacy or efficiency of curriculum programs (Deinum & Harskamp, 1995; Gravemeijer et al., 1993; 
Janssen, Van der Schoot, Hemker, & Verhelst, 1999). Slavin and Lake (2008) and Chval et al. (2009) 
expressed the need for further research in this field especially involving large numbers of students and 
teachers, and this in a variety of school settings. To examine the influence of curriculum programs on 
student learning, research recently stresses the need to take into account factors that mediate between 
the written and the enacted curriculum (Atkin, 1998; Ball & Cohen, 1996; Christou, Eliophotou-
Menon, & Philippou, 2004; Lloyd, Remillard, & Herbel-Eisenman, 2009; Macnab, 2003; Remillard, 
1999; Sherin & Drake, 2009; Verschaffel, Greer, & de Corte, 2007). Stein et al. (2007) propose a 
conceptual model that takes into account several mediating variables between the written curriculum 
(e.g. the curriculum program), the intended curriculum, and the curriculum as enacted in the 
classroom: teachers’ beliefs and knowledge, teachers’ orientations toward the curriculum, teachers’ 
professional identity, teachers’ professional communities, organizational and policy contexts, and 
classroom structures and norms. Moreover, Remillard (2005) highlights the relevance to focus on 
characteristics that relate specifically to teachers’ interactions with curriculum materials, such as 
teachers’ orientations toward the curriculum. Teachers’ orientations toward the curriculum are 
described as a frame that influences how teachers engage with the materials and use them in teaching 
(Remillard & Bryans, 2004). These reflect the teachers’ ideas about mathematics teaching and 
learning, teachers’ views of curriculum materials in general, and teachers’ views of the particular 
curriculum they work with. Whereas the study pointed out that the unique combination of these ideas 
and views of teachers influenced the way they used the curriculum, the study also revealed that the 
ideas about mathematics teaching and learning and views of curriculum materials in general and of the 
particular curriculum they are working with in particular also proved to be a mediating variable 
(Remillard & Bryans, 2004). Information about these mediating variables was obtained through semi-
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structured interviews with the eight participants (Remillard & Bryans, 2004). In the present study, we 
focus on teachers’ views of the particular curriculum they are working with (i.e. the mathematics 
curriculum programs they are using), and we do so by building on the experiences of teachers with the 
curriculum programs (Elsaleh, 2010) related to how they perceive that these materials impact student 
mathematics performance. In addition, and given the lack of agreement on the differential impact of 
mathematics curriculum programs on students’ performance results, we also study whether the 
performance results of the students taught by the teachers in this study differ significantly based on the 
curriculum program used in the classroom. The latter will enable us to analyze if possible differences 
in teachers’ views of curriculum programs are related to differences in students’ performance results.  
As such, this study aims at contributing to the curriculum programs discussion by using a large sample 
and by asking the question whether it really matters which mathematics curriculum programs schools 
adopt.  
The following research questions are put forward directing our study: 
- Do teachers’ views of mathematics curriculum programs vary depending on the mathematics 
curriculum program being adopted? 
- Do students’ performance results vary between mathematics curriculum programs? 
With regard to these questions, two studies have been set up. Each study focused on a particular 
research question. 
 
4. Methodology 
4.1. Respondents 
The research project was announced via the media: via the national education journal, the official 
electronic newsletter for teachers and principals distributed by the Department of Education, an 
internet site, via the communication channels of the Learner Support Centers, via the communication 
channels of the different educational networks and the teacher unions. When respondents showed 
interest, they could contact the researcher for more information. This approach resulted in a large 
sample of 918 teachers from 243 schools. Only respondents using one of the five most frequently used 
mathematics curriculum programs were included in this study, resulting in a sample of 814 teachers 
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from 201 schools. Teaching experience of the teachers included in the present study ranged from 0 to 
46 years (Mean: 16.77). Experience of 80% of these teachers ranged from 4 to 30 years; 90% of the 
respondents had at least 4 years of teaching experience. Of these teachers, 132 (16%) taught in the first 
grade, 133 (16%) in second grade, 130 (16%) in third grade, 125 (15%) in fourth grade, 135 (17%) in 
fifth grade, 110 (14%) in sixth grade, 12 (1%) in both first and second grade, 16 (2%) in both third and 
fourth grade, and 21 (3%) in both fifth and sixth grade.  
For the second study, a sample of 90 elementary school teachers (11%) was selected at random to 
participate in the second study. We ended up with 89 teachers (11%) from the original sample of 814 
teachers. The teachers from the sub-sample provided us with the completed tests for mathematics of 
the Flemish Student Monitoring System of the students in their classroom (n = 1579). Performance 
data resulted from the systematic administration of standardized tests incorporated in the Flemish 
Student Monitoring System (see ‘Instruments’). Considering the 1579 elementary school children, 234 
respondents (15%) were first grade students, 405 (26%) were second grade students, 253 (16%) were 
third grade students, 278 (18%) were fourth grade students, 255 (16%) were fifth grade students, and 
154 (10%) were sixth grade students. Teaching experience of the teachers in the second study ranged 
from 1 to 37 years (Mean: 16.21). Experience of 80% of these teachers ranged from 4 to 31 years and 
90% of the respondents in the second study had at least 4 years teaching experience. 
Table 1 presents an overview of the distribution of curriculum programs as adopted by the schools in 
our sample.  
Table 1. Distribution of mathematics curriculum programs in the sample 
  Study 1  Study 2 
Mathematics curriculum 
program 
 Number of 
schools 
%  Number of 
schools 
% 
Eurobasis [EB]  40 19.90  3 10.34 
Kompas [KP]  4 1.99  2 6.90 
Zo gezegd, zo gerekend   47 23.38  7 24.14 
Nieuwe tal-rijk  27 13.43  5 17.24 
Pluspunt   22 10.95  3 10.34 
Combination of EB & KP  50 24.88  9 31.03 
Another combination  11 5.47  / / 
Total  201 100  29 100 
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It has to be noted that Kompas is an updated version of Eurobasis. At the time of this study, no version 
was yet available of Kompas for the 4th, 5th and 6th grade. Most schools had implemented Eurobasis, 
Kompas, or a combination of Eurobasis and Kompas: 47% of the schools in the first study and 48% in 
the second study (see table 1). Table 1 also reveals that a minority of the schools combined multiple 
mathematics curriculum programs: 5% of the schools in the first study and none in the second study. 
This is not surprising, since the choice for a specific mathematics curriculum program in Flanders is a 
school-based decision.  
 
4.2. Instruments 
In order to study teachers’ views of mathematics curriculum programs, we built on teachers’ 
experiences with these materials. This was done on the base of a newly developed self-report 
questionnaire. At the content level, teachers’ views of mathematics curriculum programs were studied 
in relation to the learning goals pursued within three dominant mathematics content domains in each 
mathematics curriculum program: numbers and calculations, measurement and geometry, and in 
accordance with the learning goals pursued in three curricula that are predominant in Flemish 
elementary school (see ‘2. Curriculum programs in Flemish elementary school and elsewhere’). In 
relation to each mathematics domain, items asked to judge on a 5-point Likert scale whether ‘The way 
the mathematics curriculum program supports this learning goal, causes difficulties in student 
learning’ (1= ‘totally disagree’ and 5= ‘totally agree’). Specific versions of the questionnaire were 
presented to first and second grade teachers, third and fourth grade teachers and fifth and sixth grade 
teachers. This helped to align the instrument precisely with the learning objectives that were central in 
the domains at each grade level. Next to information about the mathematics curriculum programs 
being adopted by the teachers in their school, respondents were also asked to indicate the number of 
years of teaching experience. 
The questionnaires were tried out in the context of a pilot study. As can be derived from table 2, the 
internal consistency of the different subsections of the questionnaire was high, with Cronbachs’ α-
values between and .83 and .94. 
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Table 2. Internal consistency of the different subsections in the questionnaire for teachers 
  Numbers and calculations  Measurement  Geometry 
              α   n  α n  α n 
First and second grade              .83  15  .89 8  .83 5 
Third and fourth grade              .92  25  .89 11  .87 10 
Fifth and sixth grade              .94  26  .93 14  .86 9 
 
With regard to the second study, mathematics achievement was assessed by means of the curriculum-
based standardized achievement tests for mathematics included in the Flemish Student Monitoring 
System (Dudal, 2001). This student monitoring system is widely used in the Flemish elementary 
educational landscape and provides every grade, apart from the sixth grade, with three tests. A first test 
is provided at the beginning of a specific grade, another at the middle and a last one at the end of the 
school grade (Dudal, 2001). In the current study, only the middle grade tests were used. All tests were 
administered between February 1 and 15. Test administration was strictly protocolled. The assessment 
was spread over two consecutive morning sessions and teachers were provided with an information 
sheet documenting test completion, classroom setting and clarifications for students. Regarding the 
test administration, teachers were further expected to reproduce verbatim the test instructions which 
were provided in a complementary sheet. 
Tests consisted of 60 items covering the mathematics domains: numbers and calculations, 
measurement, and geometry. The test items were geared to the mathematics curriculum of the specific 
grade. Given that the Flemish elementary school mathematics curricula predominantly focus on 
numbers and calculations, most test items focused on this domain.  
For example, the test in the third grade contained 45 items measuring performance in the domain of 
numbers and calculations (e.g. Sasha has 120 stamps. Milan has half of the amount. How many stamps 
do they possess together?), 10 items measuring performance in the domain of measurement (e.g. Our 
postman is fat nor skinny, tall nor short. What could be his weight? 25kg – 40kg – 75kg – 110kg – 125 
kg?), and 5 items measuring performance in the geometry domain (e.g. A door has the shape of a: 
square – triangle – circle – rectangle – hexagon?). 
Students from the second grade onwards needed to complete an additional grade specific test assessing 
their knowledge of basic operations. By means of mental arithmetic, students needed to solve sums 
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(e.g. 55+25 = ...), subtractions (e.g. 87-25 = ...), multiplications (e.g. 4x3 = ...) and divisions (e.g. 9:3 = 
...). Time for solving these exercises was restricted. The latter test items were used to measure 
students’ mathematical basic knowledge. 
 
4.3. Data analysis  
The data in the present research reflected an inherent hierarchical structure, i.e. teachers were nested in 
schools (study 1) and students were nested in classes (study 2). As such, the assumption of 
independence of observations - inherent to ordinary least squares regressions - was violated. Ordinary 
least squares regressions rely heavily on the assumption of independence of observations: they assume 
that each observation is independent of every other single observation. Or: all the observations have 
nothing in common. For instance, in the first study we analyzed for 814 teachers from 201 schools 
their views of the curriculum program they use. Ordinary least squares regressions would consider this 
as 814 independent observations: all the observations have nothing in common. In reality, this is not 
the case. Teachers teaching in the same school are not independent of each other and do have things in 
common: they dialogue, they exchange ideas, they share the curriculum programs, they teach students 
from equal social classes, they live in the same neighborhoods, … Ordinary least squares regressions 
do not take into account the fact that teachers are nested in schools. This has an impact on the degree 
of error: it results in an increase in the possibility that observed significant differences are due to 
coincidence (and not due to the fact that they relate to different mathematics curriculum programs).  
In contrast, multilevel modeling does take into account that not all observations are independent of 
each other (Goldstein & Silver, 1989; Maas & Hox, 2005). It takes into account that teachers are 
nested in schools (study 1) and that students are nested at classroom level (study 2). This results in a 
reduced degree of error: it results in a decrease of the possibility that the observed significant 
differences are due to coincidence. This explains why we applied multilevel modeling techniques 
instead of applying ordinary regression models. 
Model 1 in Tables 3, 4, and 5 revealed that schools differed significantly from each other: or that 
teachers within the same school were related more to each other than they do to teachers in other 
schools. Model 1 in Table 7 also revealed that classes differed significantly from each other: or that 
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students within the same class are more related to each other than they do to students in other classes. 
The latter provided evidence that observations are not independent of each other and that applying 
multilevel modeling in both studies was appropriate. 
Given the three outcome measures in both studies, i.e. teachers’ views related to / students’ scores for 
numbers and calculations, teachers’ views related to / students’ scores for measurement, and teachers’ 
views related to / students’ scores for geometry, multivariate multilevel regression models were 
applied. The use of several related outcome measures resulted in a more complete description of what 
is affected by changes in the predictor variables (Hox, 2002; Tabachnick & Fidell, 1996). Multivariate 
response data were incorporated in the multilevel model by creating an extra level below the original 
level 1 units to define the multivariate structure (Hox, 2002; Rasbash, Steele, Browne, & Goldstein, 
2009). This implies that in the first study, we considered teachers’ views of mathematics curriculum 
programs for the domain numbers and calculations, teachers’ views of mathematics curriculum 
programs for the domain measurement, and teachers’ views of mathematics curriculum programs for 
the domain geometry (level 1) nested within teachers (level 2) who in turn were nested within schools 
(level 3). In the second study, we considered students’ performance results for the domain numbers 
and calculations, students’ performance results for the domain measurement, and students’ 
performance results for the domain geometry (level 1) nested within students (level 2) who in turn are 
nested in classes (level 3). No level 1 variation was specified since this level only helped to define the 
multivariate structure (Hox, 2002; Rasbash, Steele, et al., 2009; Snijders & Bosker, 2003). Fitting a 
multivariate model into a multilevel framework does not require balanced data. As such, it was not 
necessary to have the same number of available measurements for all individuals (Hox, 2002; Maas & 
Snijders, 2003; Rasbash, Steele, et al., 2009; Snijders & Bosker, 2003). 
In view of the first study, sum scores for each mathematics content domain (numbers and calculations, 
measurement, and geometry) were calculated and transformed into z-scores. A number of multilevel 
models have been fitted, using MLwiN 2.16 (Rasbash, Charlton, Browne, Healy, & Cameron, 2009). 
The best fitting model was designed in a step-by-step way (Hox 2002). First, the null model was fitted 
with random intercepts at the teacher level (Model 0). Next, random intercepts were allowed to vary at 
the school level (Model 1). In a third step, the teacher-level variable “teaching experience” expressed 
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in number of years, was included as a fixed effect (Model 2). In a fourth step, we included the 
categorical variable “curriculum program” with Pluspunt as the reference category (Model 3). 
Pluspunt was chosen as reference since Pluspunt deviated from the other four curriculum programs in 
the amount of providing hands-on support; this allowed for a comparison of Pluspunt with the other 
curriculum programs. Since comparisons between other combinations of curriculum programs were 
equally of interest, we also analyzed pairwise comparisons between all mathematics curriculum 
programs in a final step. 
In view of the second study, sum scores for each mathematics content domain were calculated and 
transformed into a scale ranging from zero to ten. Correlations between the covariate “mathematical 
basic knowledge” and the score on mathematics domains “numbers and calculations” (r = .64, n = 
1247, p < .001, two-tailed), “measurement” (r = .46, n=1227, p < .001, two-tailed), and “geometry” (r 
= .24, n = 1224, p < .001, two-tailed) were significant after Bonferroni correction. First, the null model 
was fitted with random intercepts at the student level (Model 0). Next, random intercepts were allowed 
to vary at the class level (Model 1). In a third and fourth step, the student-level variables 
“mathematical basic knowledge” (Model 2) and “sex” (Model 3) were included as fixed effects. In 
Model 4, we included the categorical class-level variable “grade”. Next, class-level variable “teaching 
experience” was included as a fixed effect (Model 5). In a final step, “curriculum programs” was 
included as a fixed categorical variable (Model 6). Additionally, model improvement was analyzed 
after allowing interaction between curriculum programs and grade (χ²(60) = 45.621; p = .92), and 
curriculum programs and experience (χ²(12) = 15.985; p = .19), but since this did not result in a 
significant model improvement, the results of this analysis were not reported.  
The parameters of the multilevel models were estimated using Iterative Generalized Least Squares 
estimations (IGLS). All analyses assumed at least a 95% confidence interval. 
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5. Results 
5.1. Study 1: Differences in teachers’ views of mathematics curriculum programs? 
Given the use of specific grade-level questionnaires, three sets of results are presented in table 3 to 5 
(grade 1-2, grade 3-4 and grade 5-6). 
Table 3 presents the results with regard to the first and the second grade. According to Model 0, 
variance at the teacher level was statistically significant. Allowing random intercepts at the school 
level (Model 1), resulted in a significant decrease in deviance indicating that inclusion of the school 
level was appropriate. Adding the teacher-level variable “experience” in Model 2 did not result in a 
significant decrease in deviance and as a consequence the variable “experience” was excluded from 
further analyses. Including the variable “curriculum programs” in Model 3, on the contrary, did result 
in a significant decrease in deviance. The fixed effects in Model 3 revealed that with regard to the 
mathematics domain measurement, teachers using Kompas or Nieuwe tal-rijk as curriculum program 
reported significantly less difficulties as compared to teachers using the reference curriculum program 
(Pluspunt). Considering the mathematics domain geometry, teachers using Kompas, Zo gezegd, zo 
gerekend or Nieuwe tal-rijk as curriculum program reported significantly less difficulties as compared 
to teachers using Pluspunt. 
Table 4 presents the results with regard to the third and the fourth grade. According to Model 0, 
variance at the teacher level was statistically significant. Allowing random intercepts at the school 
level (Model 1), resulted in a significant decrease in deviance indicating that inclusion of the school 
level was appropriate. Adding the teacher-level variable “experience” in Model 2 did not result in a 
significant decrease in deviance and as a consequence this variable was excluded from further 
analyses. Including the variable “curriculum program” in Model 3, on the contrary, did again result in 
a significant decrease in deviance. A closer look at the fixed effects in Model 3 showed that with 
regard to the mathematics domain measurement, teachers using Nieuwe tal-rijk as curriculum program 
reported significantly less mathematics difficulties as compared to teachers using the reference 
curriculum program (Pluspunt).  
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Table 3. First and second grade: fixed effects estimates (top) and variance-covariance estimates (bottom) 
Parameter Model 0 Model 1 Model 2 Model 3 
Fixed effects         
InterceptN  -.01 (.06) -.01 (.06) -.07 (.12) .07 (.18) 
InterceptM  -.01 (.06) -.03 (.07) -.15 (.12) .45* (.19) 
InterceptG  .01 (.06) -.01 (.07) -.13 (.12) .64* (.21) 
Level 2 (teacher)         
ExperienceN      .00 (.01)   
ExperienceM      .01 (.01)   
ExperienceG      .01 (.01)   
Level 3 (school)         
EBN        -.04 (.26) 
KPN        -.05 (.21) 
ZGN        -.05 (.22) 
NTN        -.34 (.26) 
EBM        -.37 (.26) 
KPM        -.65* (.22) 
ZGM        -.26 (.22) 
NTM        -.90** (.26) 
EBG        -.39 (.27) 
KPG        -.75* (.24) 
ZGG        -.76* (.24) 
NTG        -.83* (.28) 
Random parameters         
Level 2         
InterceptN/ InterceptN (σ²u0) .98** (.09) .92** (.10) .91** (.10) .93** (.10) 
InterceptN/ InterceptM (σ²u0u1) .68** (.07) .58** (.08) .58** (.08) .58** (.08) 
InterceptM/ InterceptM (σ²u1) 1.01** (.09) .78** (.09) .77** (.09) .79** (.09) 
InterceptN/ InterceptG (σ²u0u2) .45** (.07) .36** (.07) .36** (.07) .36** (.07) 
InterceptM/ InterceptG (σ²u1u2) .57** (.07) .29** (.07) .28** (.07) .28** (.06) 
InterceptG/ InterceptG (σ²u2) 1.00** (.09) .65** (.08) .65** (.08) .63** (.08) 
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Table 3 continued         
Parameter Model 0 Model 1 Model 2 Model 3 
Level 3         
InterceptN/ InterceptN (σ²v0)   .06 (.07) .07 (.08) .06 (.07) 
InterceptN/ InterceptM (σ²v0v1)   .09 (.07) .10 (.07) .10 (.07) 
InterceptM/ InterceptM (σ²v1)   .22* (.09) .23* (.09) .16* (.08) 
InterceptN/ InterceptG (σ²v0v2)   .08 (.07) .08 (.07) .08 (.06) 
InterceptM/ InterceptG (σ²v1v2)   .28** (.08) .28** (.08) .26** (.07) 
InterceptG/InterceptG (σ²v2)   .34** (.10) .34** (.10) .34** (.09) 
Model fit     
Deviance 1970.64 1932.39 1930.21 1893.34 
χ²  38.25** 2.18 39.05** 
df  6 3 12 
p  <.001 .541 <.001 
Reference  Model 0 Model 1 Model 1 
Note. Standard errors are in parentheses. There are no level 1 random parameters because level 1 exists solely to define the multivariate structure. N = numbers; M = 
measurement; G = geometry; EB = Eurobasis; KP = Kompas; ZG = Zo gezegd, zo gerekend; NT = Nieuwe tal-rijk. 
* p < 0.05; ** p < 0.001. 
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Table 4. Third and fourth grade: fixed effects estimates (top) and variance-covariance estimates (bottom) 
Parameter Model 0 Model 1 Model 2 Model 3 
Fixed effects         
InterceptN  .01 (.06) -.02 (.07) -.15 (.12) -.01 (.20) 
InterceptM  -.01 (.06) -.03 (.07) .03 (.13) .29 (.20) 
InterceptG  .01 (.06) -.01 (.07) -.00 (.13) .54* (.19) 
Level 2 (teacher)         
ExperienceN      .01 (.01)   
ExperienceM      -.00 (.01)   
ExperienceG      -.00 (.01)   
Level 3 (school)         
EBN        .20 (.23) 
KPN        -.13 (.26) 
ZGN        -.13 (.24) 
NTN        -.18 (.28) 
EBM        -.22 (.23) 
KPM        -.15 (.26) 
ZGM        -.41 (.23) 
NTM        -.85* (.27) 
EBG        -.52* (.22) 
KPG        -.51* (.25) 
ZGG        -.68* (.23) 
NTG        -.82* (.27) 
Random parameters         
Level 2         
InterceptN/ InterceptN (σ²u0) .96** (.09) .75** (.09) .75** (.09) .72** (.09) 
InterceptN/ InterceptM (σ²u0u1) .67** (.07) .53** (.08) .54** (.08) .53** (.08) 
InterceptM/ InterceptM (σ²u1) 1.00** (.09) .83** (.10) .82** (.10) .82** (.10) 
InterceptN/ InterceptG (σ²u0u2) .64** (.07) .57** (.09) .57** (.09) .57** (.08) 
InterceptM/ InterceptG (σ²u1u2) .68** (.08) .55** (.09) .55** (.09) .56** (.09) 
InterceptG/ InterceptG (σ²u2) 1.00** (.09) .90** (.11) .90** (.11) .92** (.11) 
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Table 4 continued         
Parameter Model 0 Model 1 Model 2 Model 3 
Level 3         
InterceptN/ InterceptN (σ²v0)   .20* (.09) .19* (.09) .21* (.09) 
InterceptN/ InterceptM (σ²v0v1)   .13 (.08) .12 (.08) .12 (.07) 
InterceptM/ InterceptM (σ²v1)   .17 (.09) .18* (.09) .12 (.08) 
InterceptN/ InterceptG (σ²v0v2)   .07 (.07) .06 (.07) .06 (.07) 
InterceptM/ InterceptG (σ²v1v2)   .13 (.08) .13 (.08) .08 (.07) 
InterceptG/InterceptG (σ²v2)   .11 (.08) .11 (.08) .04 (.07) 
Model fit     
Deviance 1838.16 1815.82 1810.58 1781.74 
χ²  22.34* 7.05 34.08** 
df  6 3 12 
p  <.05 .16 <.001 
Reference  Model 0 Model 1 Model 1 
Note. Standard errors are in parentheses. There are no level 1 random parameters because level 1 exists solely to define the multivariate structure. N = numbers; M = 
measurement; G = geometry; EB = Eurobasis; KP = Kompas; ZG = Zo gezegd, zo gerekend; NT = Nieuwe tal-rijk. 
* p < 0.05; ** p < 0.001. 
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Table 5. Fifth and sixth grade: fixed effects estimates (top) and variance-covariance estimates (bottom) 
Parameter Model 0 Model 1 Model 2 Model 3 
Fixed effects         
InterceptN  -.00 (.06) .01 (.07) -.05 (.12) .55* (.19) 
InterceptM  -.00 (.06) -.02 (.07) -.10 (.12) .50* (.20) 
InterceptG  -.01 (.06) -.02 (.08) -.15 (.12) .50* (.21) 
Level 2 (teacher)         
ExperienceN      .00 (.01)   
ExperienceM      .01 (.01)   
ExperienceG      .01 (.01)   
Level 3 (school)         
EBN        -.48* (.21) 
ZGN        -.86** (.23) 
NTN        -.69* (.26) 
EBM        -.44* (.22) 
ZGM        -.71* (.24) 
NTM        -.86* (.27) 
EBG        -.48* (.23) 
ZGG        -.76* (.25) 
NTG        -.67* (.28) 
Random parameters         
Level 2         
InterceptN/ InterceptN (σ²u0) .99** (.09) .65** (.08) .64** (.08) .62** (.08) 
InterceptN/ InterceptM (σ²u0u1) .73** (.08) .39** (.07) .38** (.07) .36** (.06) 
InterceptM/ InterceptM (σ²u1) 1.03** (.09) .59** (.08) .59** (.08) .56** (.07) 
InterceptN/ InterceptG (σ²u0u2) .73** (.08) .38** (.07) .37** (.07) .36** (.06) 
InterceptM/ InterceptG (σ²u1u2) .78** (.08) .38** (.06) .37** (.06) .36** (.06) 
InterceptG/ InterceptG (σ²u2) 1.02** (.09) .54** (.07) .53** (.07) .52** (.07) 
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Table 5 continued         
Parameter Model 0 Model 1 Model 2 Model 3 
Level 3         
InterceptN/ InterceptN (σ²v0)   .31* (.10) .32** (.10) .28* (.09) 
InterceptN/ InterceptM (σ²v0v1)   .30** (.09) .31** (.09) .28** (.08) 
InterceptM/ InterceptM (σ²v1)   .39** (.10) .39** (.10) .36** (.10) 
InterceptN/ InterceptG (σ²v0v2)   .33** (.09) .33** (.09) .30** (.08) 
InterceptM/ InterceptG (σ²v1v2)   .37** (.09) .37** (.09) .35** (.09) 
InterceptG/InterceptG (σ²v2)   .48** (.11) .47** (.11) .45** (.10) 
Model fit     
Deviance 1726.30 1668.71 1666.74 1648.48 
χ²  57.58** 1.97 20.23* 
df  6 3 9 
p  <.001 .16 <.05 
Reference  Model 0 Model 1 Model 1 
Note. Standard errors are in parentheses. There are no level 1 random parameters because level 1 exists solely to define the multivariate structure. N = numbers; M = 
measurement; G = geometry; EB = Eurobasis; KP = Kompas; ZG = Zo gezegd, zo gerekend; NT = Nieuwe tal-rijk. 
* p < 0.05; ** p < 0.001. 
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Considering the mathematics domain geometry, teachers using Eurobasis, Kompas, Zo gezegd, zo 
gerekend or Nieuwe tal-rijk as curriculum program reported significantly less difficulties as compared 
to teachers using Pluspunt.  
Table 5 presents the analysis results with regard to the data of fifth and sixth grade teachers. 
According to Model 0, variance at the teacher level was statistically significant. Allowing random 
intercepts at the school level (Model 1), again resulted in a significant decrease in deviance indicating 
that inclusion of the school level was appropriate. Adding the teacher-level variable “experience” in 
Model 2 did not result in a significant decrease in deviance and as a consequence the variable was 
excluded from further analyses. Including the variable “curriculum program” in Model 3 again 
resulted in a significant decrease in deviance. Focusing on the fixed effects in Model 3, we observed 
that with regard to the mathematics domains numbers and calculations, measurement, and geometry, 
teachers using Eurobasis, Zo gezegd, zo gerekend or Nieuwe tal-rijk as curriculum program reported 
significantly less difficulties as compared to teachers using the reference curriculum program 
(Pluspunt).  
Estimates for the fixed effects of the variable curriculum program (see model 4 in table 3, table 4, and 
table 5) only allowed for comparison with the reference category (Pluspunt). Because comparisons 
between other combinations of curriculum programs were also of interest, table 6 presents for grade 1-
2, grade 3-4 and grade 5-6 the results of the pairwise comparisons between all curriculum programs.  
Considering the first and second grade (see table 6) and with regard to the content domain numbers 
and calculations, no significant differences in teachers’ views were observed. With regard to the 
content domain measurement, we did observe significant differences in teachers’ views. Teachers 
using Nieuwe tal-rijk as their curriculum program, reported significantly less learning difficulties as 
compared to teachers using Zo gezegd, zo gerekend, Eurobasis or Pluspunt; teachers using Pluspunt 
reported significantly more difficulties in learning as compared to teachers using Kompas or Nieuwe 
tal-rijk. With regard to the content domain geometry, teachers using Pluspunt as curriculum program 
reported significantly more difficulties in learning as compared to teachers using Nieuwe tal-rijk, Zo 
gezegd, zo gerekend or Kompas. 
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Table 6. t-values for differences between mathematics curriculum programs (row minus column) 
   Numbers  Measurement  Geometry 
   EB KP ZG NT PP  EB KP ZG NT PP  EB KP ZG NT PP 
1st and 2nd grade EB  / 
 
0.00 
(128) 
0.00 
(106) 
1.20 
(63) 
-0.14 
(63)  
/ 
 
1.41 
(127) 
-0.48 
(105) 
2.14* 
(63) 
-1.43 
(63)  
/ 
 
1.85 
(128) 
1.71 
(105) 
1.70 
(63) 
-1.44 
(61) 
 KP  
 
/ 
 
0.00 
(174) 
1.43 
(131) 
-0.20 
(131)   
/ 
 
-2.36 
(172) 
1.24 
(130) 
-3.00** 
(130)   
/ 
 
0.10 
(173) 
0.37 
(131) 
-3.19** 
(129) 
 ZG  
  
/ 
 
1.38 
(109) 
-0.20 
(109)    
/ 
 
2.94** 
(108) 
-1.19 
(108)    
/ 
 
0.30 
(108) 
-3.14** 
(106) 
 NT  
   / 
-1.34 
(66)     
/ 
 
-3.49*** 
(66)     
/ 
 
-2.95** 
(64) 
 PP      /      /      / 
                    
3rd and 4th grade EB  / 
 
1.71 
(129) 
1.94 
(169) 
1.72 
(126) 
0.87 
(120)  
/ 
 
-0.36 
(128) 
1.13 
(169) 
2.92** 
(126) 
-1.00 
(120)  
/ 
 
-0.10 
(128) 
0.99 
(169) 
1.41 
(125) 
-2.40* 
(120) 
 KP  
 
/ 
 
0.00 
(110) 
0.20 
(67) 
-0.50 
(61)   
/ 
 
1.22 
(109) 
2.78** 
(66) 
-0.60 
(60)   
/ 
 
0.83 
(109) 
1.26 
(65) 
-1.99 
(60) 
 ZG  
  
/ 
 
0.22 
(107) 
-0.53 
(101)    
/ 
 
1.98* 
(107) 
-1.75 
(101)    
/ 
 
0.66 
(106) 
-3.00** 
(101) 
 NT  
   / 
-0.64 
(58)     
/ 
 
-3.14** 
(58)     
/ 
 
-3.08** 
(57) 
 PP      /      /      / 
                    
5th and 6th grade EB  / 
 
/ 
 
2.30* 
(191) 
-1.04 
(153) 
-2.24* 
(144)  
/ 
 
/ 
 
1.57 
(190) 
2.00* 
(152) 
-2.00* 
(142)  
/ 
 
/ 
 
1.54 
(189) 
0.87 
(151) 
-2.06* 
(141) 
 KP   / / / /   / / / /   / / / / 
 ZG  
  
/ 
 
0.77 
(114) 
-3.74*** 
(106)    
/ 
 
0.65 
(114) 
-2.98** 
(104)    
/ 
 
-0.36 
(114) 
-3.03** 
(104) 
 NT  
   
/ 
 
-1.34** 
(67)     
/ 
 
-3.24** 
(66)     
/ 
 
-2.41* 
(66) 
 PP      /      /      / 
Note. Between brackets: degrees of freedom; EB = Eurobasis; KP = Kompas; ZG = Zo gezegd, zo gerekend; NT = Nieuwe tal-rijk. 
* p < 0.05; ** p < 0.01; *** p < 0.001 
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Building on the input of third and fourth grade teachers (see table 6) and considering the content 
domain numbers and calculations, no significant differences in teachers’ views were observed. 
Considering the content domain measurement, teachers using Nieuwe tal-rijk reported significantly 
less difficulties in learning as compared to teachers using Eurobasis, Zo gezegd, zo gerekend, Kompas, 
or Pluspunt. With regard to the content domain geometry, teachers using Pluspunt reported 
significantly more difficulties in learning as compared to teachers using Eurobasis, Zo gezegd, zo 
gerekend or Nieuwe tal-rijk. 
Considering the fifth and sixth grade (see table 6) and in relation to the content domain numbers and 
calculations, significant differences in teachers’ views were observed. Teachers using Pluspunt 
reported significantly more difficulties as compared to teachers using Eurobasis, Zo gezegd, zo 
gerekend or Nieuwe tal-rijk. Teachers using Zo gezegd, zo gerekend reported significantly less 
learning difficulties as compared to teachers using Eurobasis. Considering the content domain 
measurement, teachers using Nieuwe tal-rijk reported significantly more difficulties in learning as 
compared to teachers using Eurobasis. Teachers using Pluspunt reported significantly more difficulties 
as compared to teachers using Eurobasis, Nieuwe tal-rijk or Zo gezegd, zo gerekend. With regard to 
the content domain geometry, teachers using Pluspunt as curriculum program reported significantly 
more difficulties as compared to teachers using Eurobasis, Zo gezegd, zo gerekend or Nieuwe tal-rijk. 
To sum up, the results revealed that adoption of two-level models was appropriate. Despite some 
dissimilarities between content domains and grades (e.g. we did not notice significant differences in 
teachers’ views of the curriculum programs related to the content domain numbers and calculations in 
the first and second grade and in the third and fourth grade whereas we did notice significant 
differences in teachers’ views of the mathematics curriculum programs for the content domain 
numbers and calculations in the fifth and sixth grade), the results revealed a tendency across the 
grades and the content domains. In general, teachers using Pluspunt reported significantly more 
difficulties as compared to teachers using other curriculum programs whereas teachers using Nieuwe 
tal-rijk reported significantly less difficulties as compared to teachers using other curriculum 
programs. The fact that the teacher-level variable “experience” (See Model 2 in Table 3, Table 4, 
Table 5) did not result in a significant decrease in deviance revealed that teachers’ views of curriculum 
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programs did not differ regarding their teaching experience. More experienced teachers did not 
perceive the curriculum program to impact students’ mathematics performance differently as 
compared to teachers with less experience. 
 
5.2. Study 2: Differences in mathematics performance results? 
The results presented in table 7, show that, according to Model 0, all variances at the student level 
were statistically significant. Allowing random intercepts at the class level (Model 1) resulted in a 
significant decrease in deviance indicating that inclusion of this second level was appropriate. 
Additionally, the use of contrasts revealed that scores for the domain measurement were significant 
lower as compared to scores on the domain numbers and calculations (χ²(1) = 57.34; p < .001) and as 
compared to scores on the domain geometry (χ²(1) = 49.417; p < .001). Scores for the domain numbers 
and calculations did not differ significantly from the scores for the domain geometry (χ²(1) = 2.646; p = 
.10).  
Adding the student-level variables “mathematical basic knowledge” (Model 2) and “sex” (Model 3) 
resulted in significant decreases in deviance. The model revealed that boys do significantly better than 
girls in numbers and calculations and in measurement. Including the categorical class-level variable 
“grade” (reference category: first grade) in Model 4 also resulted in a significant decrease in deviance. 
Moreover, with regard to numbers and calculations, second and third graders did significantly better 
than first grade students; with regard to measurement, second, third, fourth, and fifth graders did 
significantly better than first grade students; and with regard to geometry, second, third, and fifth 
graders did significantly better than first grade students. 
According to Model 5, inclusion of the class-level variable “experience” also resulted in a significant 
decrease in deviance; however, the corresponding fixed effects were not significant. Given the 
significant improvement of the model as compared to the previous model, we continued to include this 
term in further analyses. Adding the variable “curriculum program” into Model 6 (reference: Pluspunt) 
did not result in a significant drop in deviance indicating that overall, the curriculum program did not 
play a significant role in student outcomes. 
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Table 7. fixed effects estimates (top) and variance estimates (bottom)  
Parameter Model 0 Model 1 Model 2 Model 3 Model 4 Model 5 Model 6 
Fixed effects               
Intercept N 7.56** (.04) 7.51** (.10) 7.33** (.09) 7.23** (.10) 6.79** (.21) 6.63** (.25) 6.71** (.41) 
Intercept M 6.19** (.07) 6.21** (.15) 6.57** (.09) 6.35** (.11) 5.44** (.22) 5.23** (.26) 4.79** (.39) 
Intercept G 7.41** (.06) 7.33** (.13) 7.42** (.13) 7.40** (.15) 6.70** (.34) 6.47** (.40) 6.91** (.64) 
Level 2 (student)               
Basic knowledge N       1.14** (.04) 1.13** (.04) 1.12** (.04) 1.10** (.04) 1.10** (.04) 
Basic knowledge M       1.03** (.06) .99** (.06) .99** (.06) .95** (.06) .98** (.06) 
Basic knowledge G       .64** (.07) .60** (.08) .61** (.07) .62** (.08) .62** (.08) 
sex_male N            .21* (.07) .20* (.07) .22* (.07) .22* (.07) 
sex_male M           .37** (.11) .38** (.11) .41** (.12) .42** (.12) 
sex_male G            .01 (.14) -.02 (.14) .05 (.15) .06 (.15) 
Level 3 (class)               
grade_2 N               1.13** (.25) 1.12** (.25) .97** (.27) 
grade_3 N               .70* (.26) .79* (.28) .60 (.32) 
grade_4 N               .04 (.26) .07 (.27) .03 (.27) 
grade_5 N               -.13 (.26) -.11 (.27) -.13 (.27) 
grade_6 N               .00 (.00) .00 (.00) .00 (.00) 
grade_2 M               1.23** (.25) 1.23** .25) 1.04** (.26) 
grade_3 M               1.33** (.27) 1.44** (.28) 1.13** (.30) 
grade_4 M               .96** (.28) .95** (.28) .96** (.26) 
grade_5 M               .56* (.27) .55* (.27) .54* (.25) 
grade_6 M               .00 (.00) .00 (.00) .00 (.00) 
grade_2 G               .84* (.39) .85* (.39) .55 (.42) 
grade_3 G               1.41** (.41) 1.46** (.43) 1.16* (.50) 
grade_4 G               -.13 (.42) -.04 (.44) -.12 (.43) 
grade_5 G               1.01* (.41) .93* (.42) .91* (.41) 
grade_6 G               .00 (.00) .00 (.00) .00 (.00) 
Experience N.                   .01 (.01) .01 (.01) 
Experience M                   .01 (.01) .02 (.01) 
Experience G                   .01 (.01) .01 (.01) 
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Table 7 continued 
Parameter Model 0 Model 1 Model 2 Model 3 Model 4 Model 5 Model 6 
Fixed effects               
EB N                       -.21 (.34) 
KP N                       .15 (.35) 
ZG N                       -.02 (.31) 
NT N                       .07 (.35) 
EB M                       .15 (.32) 
KP M                       .74* (.33) 
ZG M                       .49 (.30) 
NT M                       .80* (.33) 
EB G                       -.68 (.52) 
KP G                       -.04 (.54) 
ZG G                       -.20 (.48) 
NT G                       -.28 (.54) 
Random Parameters                           
Level 3 (class)                           
InterceptN/ InterceptN (σ²v0)   .76** (.14) .50** (.10) .53** (.11) .23** (.06) .24** (.06) .23** (.06) 
InterceptN/ InterceptM (σ²v0v1)   .05 (.14) .35** (.09) .37** (.09) .17** (.05) .17* (.05) .15* (.05) 
InterceptM/ InterceptM (σ²v1)   1.68** (.30) .42** (.11) .35** (.10) .14* (.06) .13* (.06) .08 (.05) 
InterceptN/ InterceptG (σ²v0v2)   .50** (.13) .34* (.11) .31* (.11) .18* (.07) .18* (.07) .16* (.07) 
InterceptM/ InterceptG (σ²v1v2)   .51* (.19) .39** (.11) .31* (.11) .16* (.07) .13 (.07) .12 (.06) 
InterceptG/InterceptG (σ²v2)   1.08** (.21) .81** (.19) .80** (.20) .47** (.14) .46* (.14) .43* (.14) 
Level 2 (student)                             
InterceptN/ InterceptN (σ²u0) 2.93** (.10) 2.21** (.08) 1.30** (.05) 1.28** (.06) 1.29** (.06) 1.27** (.06) 1.27** (.06) 
InterceptN/ InterceptM (σ²u0u1) 1.84** (.12) 1.80** (.10) 1.07** (.07) 1.07** (.07) 1.08** (.07) 1.07** (.08) 1.07** (.08) 
InterceptM/ InterceptM (σ²u1) 6.91** (.25) 5.05** (.19) 3.15** (.13) 3.17** (.14) 3.18** (.14) 3.24** (.15) 3.23** (.15) 
InterceptN/ InterceptG (σ²u0u2) 1.66** (.11) 1.21** (.09) .67** (.08) .67** (.08) .68** (.08) .72** (.09) .72** (.09) 
InterceptM/ InterceptG (σ²u1u2) 1.68** (.17) 1.19** (.13) .85** (.12) .81** (.13) .82** (.13) .88** (.14) .88** (.14) 
InterceptG/ InterceptG (σ²u2) 5.76** (.21) 4.76** (.18) 4.83** (.20) 4.81** (.22) 4.81** (.22) 4.91** (.23) 4.91** (.23) 
Model fit                           
Deviance  19219.42 19219.42 13921.20 12075.53 11987.00 10943.74 10926.17 
χ²  944.19 5298.22 1845.67 88.53 1043.26 17.57 
Df  6 3 3 15 3 12 
P  <.001 <.001 <.001 <.001 <.001 .13 
Reference  Model0 Model 1 Model 2 Model 3 Model 4 Model 5 
Note. Standard errors are in parentheses. There are no level 1 random parameters because level 1 exists solely to define the multivariate structure. N = numbers; M = 
measurement; G = geometry; EB = Eurobasis; ZG = Zo gezegd, zo gerekend; NT = Nieuwe tal-rijk. 
* p < 0.05; ** p < 0.001 
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6. Discussion 
Mathematics curriculum programs are often the primary resource for teachers and students in the 
classroom (Elsaleh, 2010; Grouws et al., 2004; Kauffman et al., 2002; Nathan et al., 2002; Schug et 
al., 1997). Despite their prominent role in the teaching and learning processes, there is no agreement 
on whether it really matters which mathematics curriculum programs schools choose (Slavin & Lake, 
2008). Moreover, it is seen as a difficult endeavor to compare the efficacy or efficiency of 
mathematics curriculum programs (Deinum & Harskamp, 1995; Gravemeijer et al., 1993; Janssen et 
al., 1999).  
The current study aimed at contributing to discussion on the added value of the mathematics 
curriculum programs by analyzing teachers’ views of mathematics curriculum programs in Flanders. 
Teachers’ views of the mathematics curriculum program they teach with is one factor that influences 
teachers’ orientations toward the curriculum, considered to be a relevant focus for research in the 
domain of curriculum studies (Remillard 2005; Stein et al. 2007). Teachers’ views of mathematics 
curriculum programs also on its own proved to be a mediating variable (Remillard and Bryans 2004).  
Therefore, this research built on the experiences of teachers with the mathematics curriculum 
programs (Elsaleh, 2010) and on how teachers perceived these mathematics curriculum programs 
impact student mathematics performance . The research was carried out in Flanders, which has its own 
peculiarities. But, because of similarities with mathematics curriculum programs in other regions, the 
findings are not limited to Flanders and have a more general validity. 
In the first study, views of 814 teachers of mathematics curriculum programs were measured building 
on teachers’ experiences with these materials and the extent to which they perceived that the 
mathematics curriculum programs affected their students’ learning process. The results revealed 
significant differences in teachers’ views of mathematics curriculum programs. Moreover, we 
observed clear patterns in teachers’ views of mathematics curriculum programs. Teachers’ views of 
mathematics curriculum programs were more positive when the programs addressed (1) only one 
content domain of mathematics (numbers and calculations, measurement, geometry) per lesson, and 
(2) provided more support for the teachers, such as providing additional materials for the teacher, a 
more detailed description of the course, additional didactical suggestions and theoretical background 
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knowledge about mathematics. On the contrary, teachers’ views of mathematics curriculum programs 
were more negative in case the mathematics curriculum program provided less of such support for the 
teacher and addressed more than one content domain of mathematics education per lesson. Whereas 
the design of the study didn’t allow controlling for other variables, the results suggested that 
mathematics curriculum programs matter.  
In the second study, building on mathematics performance of 1579 students, the results revealed that 
students’ performance results did not vary significantly between mathematics curriculum programs. 
Whereas the absence of a straightforward impact of mathematics curriculum programs on performance 
results is in line with findings from other studies (Slavin & Lake, 2008), it also points at the following. 
Teachers’ views of mathematics curriculum programs, is but one variable that mediates between the 
mathematics curriculum program and the enacted curriculum. In addition, it would be useful to 
analyze other mediating variables and the interplay between mediating variables such as teachers’ 
beliefs about mathematics teaching and learning, teachers’ views of curriculum materials in general, 
teachers’ knowledge, teachers’ professional identity, teachers’ professional communities, 
organizational and policy contexts, and classroom structures and norms (Remillard and Bryans 2004; 
Stein et al. 2007). The discrepancy between the results of both studies also shed light on the need to 
carry out observational studies about the way teachers implement mathematics curriculum programs, 
since the differences between mathematics curriculum programs in teachers’ views do not continue to 
hold with regard to students’ outcomes. Observational studies could reveal if teachers are 
compensating teaching for anticipated difficulties in learning mathematics caused by the mathematics 
curriculum programs.  
The current study addressed the need for more research focusing on variables that mediate between the 
mathematics curriculum programs and the enacted curriculum, and also the call for setting up large 
scale studies in this context (Chval et al., 2009; Slavin & Lake, 2008). Nevertheless, our study also 
reflected a number of limitations. First, though the opportunity sampling approach helped to involve a 
large set of schools, teachers and students, this sampling approach did not build on random selection. 
This implies that we cannot counter a potential sampling bias in our study as to teachers who 
developed already a clear and explicit view of mathematics curriculum programs. Second, in the 
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absence of prior measures for teachers’ views of mathematics curriculum programs, applicable in 
studies with large sample sizes, and guided by research literature (Elsaleh, 2010), we analyzed 
teachers’ views of mathematics curriculum programs by building on their actual experiences with the 
curriculum program. This study is part of a larger research project that centers on learning difficulties 
in mathematics. In view of this larger research project, teachers were asked to judge – based on their 
experiences – the extent to which the mathematics curriculum program caused difficulties in learning. 
Other studies could shift the focus on the strengths of each mathematics curriculum programs instead 
of focusing on the weaknesses. That is just one way to study teachers’ views of mathematics 
curriculum programs on a large scale. Third, whereas the current study took into account the structure, 
the learning path, the teacher plans, the availability of additional materials, and described in general 
lines the exercises, our data was not specific enough to reveal possible differences in the cognitive 
load of instruction and exercises. It could be interesting to include this factor in future research.  
 
7. Conclusion 
Up to date, there is no agreement about the differential impact of mathematics curriculum programs on 
students’ performance results. This sounds surprising given the prominent role of mathematics 
curriculum programs in education. It should not be a complete surprise, given that it is difficult to 
compare the efficacy or efficiency of mathematics curriculum programs. The current study focused on 
teachers’ views of curriculum programs as a mediating variable in the process between the written and 
the enacted curriculum, and which further was assumed to influence teachers’ orientations toward the 
curriculum. The latter was considered to be a characteristic that relates specifically to teachers’ 
interactions with curriculum materials, a key variable in future curriculum research. The study 
revealed that, at least with regard to teachers’ views of mathematics curriculum programs, it matters 
which mathematics curriculum programs choose. The study also suggested that future research should 
take into account more mediating variables and that observational studies could be carried out in order 
to analyze how teachers actually implement mathematics curriculum programs. Finally, from a 
practical point of view, the current research revealed that teachers are more positively oriented toward 
mathematics curriculum programs when the latter provide them with support such as additional 
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materials, detailed descriptions of each “course”, additional didactical suggestions and theoretical and 
mathematical background knowledge and addressed one content domain. As such, inclusion of these 
additional resources can inspire curriculum programs developers and publishers. Presence or absence 
of these elements can be a criterion for teachers or a school team to choose or not to choose a certain 
mathematics curriculum program. 
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APPENDIX: Description of each curriculum program 
 KP ZG NT PP EB 
Curriculum-based      
Curriculum of the 
publicly funded, publicly 
run education 
          
Curriculum of the 
publicly funded, privately 
run education 
          
Curriculum of the 
education of the Flemish 
community 
          
Student material      
Structure - Weekly structure: 32 
weeks, 5-6 courses 
each week (3rd - 6th 
grade), around 7 
courses each week (1st 
- 2nd grade) 
- Duration one course: 
usually 50 minutes 
(3rd -6th grade); 
usually 25 minutes 
(1st-2nd grade) 
- Each week addresses 
5 domains: numbers, 
calculations, 
measurement, 
geometry, problem 
solving  
- Courses according to 
a fixed order: 
numbers, calculations, 
measurement, 
geometry, problem 
solving  
- Each course is 
situated within one 
domain 
- Around 13 themes 
each year; around 12 
courses each theme 
(1st grade: more 
themes, less courses 
each theme)  
- Duration one course: 
usually 50 minutes 
(2nd -6th grade); 
usually 25 minutes 
(1st grade)  
- Each theme addresses 
4 domains: numbers, 
measurement, 
geometry, problem 
solving  
- Courses not according 
to a fixed order 
- Each course is 
situated within one 
domain 
- Use of pictographs 
 
 
 
 
- 10 blocks, around 20 
courses each block 
(3rd – 6th grade), 
around 26 courses 
each block (1st – 2nd 
grade) 
- Duration one course: 
usually 50 minutes 
(3rd – 6th grade); 25 or 
50 minutes (2nd 
grade); usually 25 
minutes (1st grade) 
- Each block addresses 
4 domains: numbers, 
calculations, 
measurement, 
geometry 
- Courses not according 
to a fixed order 
- Each course is 
situated within one 
domain 
- Use of pictographs: 
basic – extra – 
deepening exercises 
 
- 13 themes, 13 courses 
each theme 
- Duration each course: 
50 minutes 
- Each theme addresses 
4 domains: numbers, 
calculations, 
measurement, 
geometry 
- Courses according to 
a fixed order: teacher-
centered and student-
centered courses 
- The courses address 
more than one domain 
 
 
- Weekly structure: 32 
weeks, around 7 
courses each week 
(3rd - 6th grade), 10 
courses each week (1st 
- 2nd grade) 
- Duration one course: 
usually 50 minutes 
(3rd -6th grade); 25 
minutes (1st-2nd grade) 
- Each week addresses 
5 domains: numbers, 
calculations, 
measurement, 
geometry, problem 
solving  
- Courses according to 
a fixed order: 
numbers, calculations, 
measurement, 
geometry, problem 
solving  
- Each course is 
situated within one 
domain 
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Materials - Workbook 
- Memorization book 
- CD-rom with extra 
exercises 
- Other: number line, 
MAB-materials, 
coins, calculator, … 
- Workbook 
- Other: number line, 
MAB-materials, 
coins, calculator, … 
 
 
 
 
- Manual 
- Workbook 
- Memorization book 
- ‘Math journal’ for 
communication with 
the parents 
- Other: number line, 
MAB-materials, 
coins, calculator, … 
- Manual 
- Workbook 
- Software packet 
- Other: number line, 
MAB-materials, 
coins, calculator, … 
 
- Workbook 
- Memorization book 
- Software packet 
- Other: number line, 
MAB-materials, 
coins, calculator, … 
Teacher’s guides      
Basic principles - Curriculum-based 
- Realistic contexts 
- Horizontal and 
vertical connections 
- Use of different kinds 
of materials 
- Active learning 
- Differentiation  
- For all grades 
 
 
 
 
 
 
- Curriculum-based 
- Realistic contexts 
- Active learning: 
interaction 
- Use of models, 
schemes, symbols and 
diagrams 
- Attention for 
mathematical 
language 
- Horizontal 
connections 
- Differentiation  
- For all grades 
- Curriculum-based 
- Realistic contexts 
- Active learning 
- Linking content with 
students’ prior 
knowledge 
- A lot of attention to 
repetition and 
automation 
- Students’ working 
independently 
- To acquire study 
skills 
- Reflection 
- Remediation and 
differentiation 
- For all grades 
- Curriculum-based 
- Realistic contexts 
- A critical attitude 
- Active learning: 
problem solving and 
meaningful 
- Students’ working 
independently 
- Attention for 
mathematical 
language 
- Differentiation 
- Interaction 
- Use of models and 
schemes 
- For all grades 
- Curriculum-based 
- Realistic contexts 
- Active learning: 
participation and 
interaction 
- Cooperation and 
reflection 
- Horizontal and 
vertical connections 
- Attention for 
evaluation and 
differentiation  
- For all grades 
 
 
 
 
Learning path  - Outline for the whole 
year: overview of and 
order of the subject of 
the courses for each 
domain 
- Outline for the whole 
year: overview of the 
learning contents for 
each domain 
- Weekly outline: 
overview courses 
- Outline for each 
theme: overview of 
and order of the 
subject of the courses 
for each domain 
- Outline for each 
theme: overview of 
the learning contents 
for each domain 
 
- Outline for the whole 
year: number of 
courses for each 
domain 
- Outline for the whole 
year: overview of and 
order of the subject of 
the courses for each 
domain and each 
block 
- Suggestions to draw 
up a learning path for 
the whole year 
- Outline for each 
- Outline for the whole 
year: for each domain 
an overview of how 
the learning contents 
build on each own  
- Outline for each 
theme: overview of 
the learning contents 
for each domain 
- A very brief 
suggestion to draw up 
a learning path for the 
whole year: an 
overview of the 
- Outline for the whole 
year: overview of and 
order of the subject of 
the courses for each 
domain 
- Weekly outline: 
overview courses  
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block: overview 
courses 
 
number of themes for  
trimester  
Teaching plans Weekly: 
- Overview courses, 
domains, materials, 
duration courses 
 
Description of each course:  
- subject, goals, 
materials 
- Directions for each 
teaching phase  
- Use of pictographs 
- Blackboard outline  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
For each theme:  
- Overview of learning 
contents 
- Overview courses, 
domains, materials, 
duration courses 
 
Description of each course:  
- subject, goals, 
materials, 
organizational 
aspects, starting 
situation 
- Directions for each 
teaching phase  
- Use of pictographs 
- Blackboard outline  
 
For each block:  
- Overview courses, 
domains, materials, 
duration courses 
- Comprehensive 
discussion of the 
materials 
- For each domain: an 
overview of the 
subject of the courses 
 
Description of each course: 
- subject, goals, 
materials, starting 
situation  
- A brief outline of the 
course 
- Additional didactical 
suggestions 
- Comprehensive 
directions for each 
teaching phase: step 
by step, explicit 
guidelines 
- Several teaching 
phases provide extra 
didactical suggestions 
and mathematical 
background 
knowledge 
- Blackboard outline  
 
For each theme: 
- A very brief 
introduction links the 
theme with 
mathematics and 
gives an overview of 
the materials 
- Overview of learning 
contents for each 
course and for each 
domain 
- Use of pictographs: 
student-centered – 
teacher-centered 
course 
 
Description of each course: 
- Goals, material 
- Rather general 
directions for each 
teaching phase  
- Required materials for 
the next course 
 
 
Weekly: 
- Overview courses, 
domain, subject, 
duration, materials 
 
Description of each course:  
- Subject, goals, 
materials 
- Directions for each 
teaching phase  
- Use of pictographs 
- Blackboard outline  
 
Materials  - Learning path 
- Teaching plans 
- Homework stencils 
- Test stencils 
- Differentiation books 
- Grading keys 
- Learning path 
- Teaching plans 
- Homework stencils 
- Test stencils 
- remediation 
- Grading keys 
- Learning path 
- Teaching plans 
- Extra exercises 
- Exercises in 
preparation for tests 
- Test stencils 
- Learning path 
- Teaching plans 
- Extra exercises 
- Test stencils 
- Additional exercises 
for remediation 
- Learning path 
- Teaching plans 
- Homework stencils 
- Test stencils 
- Differentiation books 
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    - An analysis of each 
test provides an 
overview of the 
performance on the 
test for the class as a 
whole and for each 
individual student 
- Additional exercises 
for differentiation 
- Grading keys 
 
- Grading keys 
 
- Grading keys 
 
Note. KP = Kompas; ZG = Zo gezegd, zo gerekend; NT = Nieuwe tal-rijk; PP = Pluspunt; EB = Eurobasis. 
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Chapter 4 
 
Preservice elementary school teachers’ knowledge of fractions: A mirror of students’ 
knowledge?4 
 
Abstract 
 
The study of preservice elementary school teachers’ knowledge of fractions is important, since the 
subject is known to be difficult to learn and to teach. In order to analyze the knowledge required to 
teach fractions effectively, we reviewed research related to students’ understanding of fractions. This 
review helped to delineate the difficulties students encounter when learning fractions. Building on this 
overview, the current study addressed Flemish preservice elementary school teachers’ common and 
specialized content knowledge of fractions. The study revealed that preservice elementary school 
teachers’ knowledge of fractions largely mirrors critical elements of elementary school students’ 
knowledge of fractions. Further, the study indicated that preservice teachers hardly succeed in 
explaining the rationale underlying fraction sub-constructs or operations with fractions. The latter is 
considered to be a critical kind of knowledge specific for the teaching profession. Implications of the 
findings are discussed. 
 
  
                                                     
4
 Based on: 
Van Steenbrugge, H., Valcke, M., Lesage, E., Desoete, A. & Burny, E. Preservice elementary school teachers’ 
knowledge of fractions: A mirror of students’ knowledge? Manuscript submitted for publication in Journal of 
curriculum studies. 
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1. Introduction 
Mathematics is generally accepted as an important curriculum domain in elementary education (Hecht, 
Vagi, & Torgesen, 2009; Keijzer & Terwel, 2003). Within the mathematics curriculum, fractions are 
considered as an essential skill for future mathematics success, but yet also as a difficult subject to 
learn and to teach (Hecht, Close, & Santisi, 2003; Newton, 2008; Van Steenbrugge, Valcke, & 
Desoete, 2010; Zhou, Peverly, & Xin, 2006).  
It is a common misconception that elementary school mathematics is fully understood by teachers and 
that it is easy to teach (Ball, 1990; Jacobbe, 2012; NCTM, 1991; Verschaffel, Janssens, & Janssen, 
2005). Already more than twenty years ago, Shulman and colleagues argued that teacher knowledge is 
complex and multidimensional (Shulman, 1986, 1987; Wilson, Shulman, & Richert, 1987). They drew 
attention to the content specific nature of teaching competencies. Consequently, Shulman (1986, 1987) 
concentrated on what he labeled as the missing paradigm in research on teacher knowledge: the nexus 
between content knowledge, pedagogical content knowledge (the blending of content and pedagogy), 
and curricular knowledge. Building on the work of Shulman (1986, 1987), Ball, Thames, and Phelps 
(2008) analyzed the mathematical knowledge needed to teach mathematics. They point at two 
empirically discernible domains of content knowledge: common content knowledge and specialized 
content knowledge. Common content knowledge refers to knowledge that is not unique to teaching and 
is applicable in a variety of settings (i.e. an understanding of the mathematics in the student 
curriculum). Ball et al. (2008) found that common content knowledge of mathematics plays a crucial 
role in the planning and carrying out of instruction; this kind of knowledge is still considered as a 
cornerstone of teaching for proficiency (Kilpatrick, Swafford, & Findell, 2001). Specialized content 
knowledge refers to the mathematical knowledge and skill unique to teaching: it is a kind of 
knowledge ‘not necessarily needed for purposes other than teaching’ (Ball, et al., 2008, p. 400). For 
instance, people with other professions need to be able to multiply two fractions, but none of them 
needs to explain why you multiply both the numerators and denominators.  
The question ‘What does effective teaching require in terms of content knowledge’ can be investigated 
in several ways (Ball, et al., 2008). An established approach to investigate what effective teaching 
requires in terms of content knowledge, is by reviewing students’ understanding to determine the 
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mathematics difficulties encountered by students (Ball, et al., 2008; Stylianides & Ball, 2004). 
Therefore, in the following section, we first review literature considering students’ understanding of 
fractions. Afterwards, we shift attention to (preservice) teachers’ knowledge of fractions and present 
the aims of the present study.  
 
2. Elementary school students’ knowledge of fractions 
Fractions are difficult to learn (Akpinar & Hartley, 1996; Behr, Harel, Post, & Lesh, 1992; Behr, 
Wachsmuth, Post, & Lesh, 1984; Bulgar, 2003; Hecht, et al., 2003; Kilpatrick, et al., 2001; Lamon, 
2007; Newton, 2008; Siegler et al., 2010). Not surprisingly, ample research focused on students’ 
difficulties with fractions and tried to develop an understanding of the critical components of well-
developed fraction knowledge (e.g.,Cramer, Post, & delMas, 2002; Keijzer & Terwel, 2003; Lamon, 
2007; Mack, 1990; Siegler, Thompson, & Schneider, 2011; Stafylidou & Vosniadou, 2004). Authors 
agree that a main source producing difficulties in learning fractions is the interference with students’ 
prior knowledge about natural numbers (Behr, et al., 1992; Grégoire & Meert, 2005; Stafylidou & 
Vosniadou, 2004). This ‘whole number bias’ (Ni & Zhou, 2005) results in errors and misconceptions 
since students’ prior conceptual framework of numbers does no longer hold. It is, for example, 
counterintuitive that the multiplication of two fractions results in a smaller fraction (English & 
Halford, 1995). Students have to overcome this bias between natural numbers and fractions, and 
therefore need to reconstruct their understanding of numbers. However, constructing a correct and 
clear conceptual framework is far from trouble-free because of the multifaceted nature of 
interpretations and representations of fractions (Baroody & Hume, 1991; Cramer, et al., 2002; English 
& Halford, 1995; Grégoire & Meert, 2005; Kilpatrick, et al., 2001). Research more particularly 
distinguishes five sub-constructs to be mastered by students in order to develop a full understanding of 
fractions (Charalambous & Pitta-Pantazi, 2007; Hackenberg, 2010; Kieren, 1993; Kilpatrick, et al., 
2001; Lamon, 1999; Moseley, Okamoto, & Ishida, 2007). The ‘part-whole’ sub-construct refers to a 
continuous quantity, a set or an object divided into parts of equal size (Hecht, et al., 2003; Lamon, 
1999). The ‘ratio’ sub-construct concerns the notion of a comparison between two quantities and as 
such, it is considered to be a comparative index rather than a number (Hallett, Nunes, & Bryant, 2010; 
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Lamon, 1999). The ‘operator’ sub-construct comprises the application of a function to a number, an 
object or a set. By means of the ‘quotient’ sub-construct, a fraction is regarded as the result of a 
division (Charalambous & Pitta-Pantazi, 2007; Kieren, 1993). In the ‘measure’ sub-construct, 
fractions are seen as numbers that can be ordered along a number line (Hecht, et al., 2003; Keijzer & 
Terwel, 2003; Kieren, 1988). As such, this sub-construct is associated with two intertwined notions 
(Charalambous & Pitta-Pantazi, 2007; Lamon, 2001). The number-notion refers to the quantitative 
aspect of fractions (how large is the fraction) while the interval-notion concerns the measure assigned 
to an interval.  
Research of students’ conceptual knowledge of fractions revealed that students are most successful in 
assignments regarding the part-whole sub-construct; in general, they have developed little knowledge 
of the other sub-constructs (Charalambous & Pitta-Pantazi, 2007; Clarke, Roche, & Mitchell, 2007; 
Martinie, 2007). Especially knowledge regarding the measure sub-construct is disappointing 
(Charalambous & Pitta-Pantazi, 2007; Clarke, et al., 2007; Hannula, 2003). 
Students with an inadequate procedural knowledge level of fractions can make errors due to an 
incorrect implementation of the different steps needed to carry out calculations with fractions (Hecht, 
1998). Students, for example, apply procedures that are applicable for specific operations with 
fractions, but are incorrect for the requested operation; e.g., maintaining the common denominator on 
a multiplication problem as in 3/7 * 2/7 = 6/7 (Hecht, 1998; Siegler, et al., 2011). There is a debate 
whether related procedural knowledge precedes conceptual knowledge or vice versa or whether it is an 
iterative process. While we do not disregard this debate, the present study accepts that both types of 
knowledge are critical in view of mastery of fractions (Kilpatrick, et al., 2001; NMAP, 2008; Rittle-
Johnson, Siegler, & Alibali, 2001).  
Several studies mention a gap between students’ conceptual and procedural knowledge level of 
fractions; particularly students’ conceptual knowledge of fractions is reported to be problematic 
whereas students’ procedural knowledge of fractions is reported to be better (Aksu, 1997; Bulgar, 
2003; Post, Cramer, Behr, Lesh, & Harel, 1993; Prediger, 2008). Some students do not develop a deep 
conceptual understanding resulting in a rather instrumental understanding of the procedures (Aksu, 
1997; Hecht, et al., 2003; Prediger, 2008). Ma (1999) labels this as a pseudoconceptual understanding.  
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3. (Preservice) teachers’ knowledge of fractions 
Studies concerning (preservice) teachers’ knowledge of fractions focused primarily on one aspect of 
fractions like ratio (Cai & Wang, 2006), multiplication of fractions (Isiksal & Cakiroglu, 2011; Izsak, 
2008), and division of fractions (Ball, 1990; Borko et al., 1992; Ma, 1999; Tirosh, 2000). Borko et al. 
(1992) described the situation of a preservice middle school teacher who had taken a lot of 
mathematics courses. Although the teacher was able to divide fractions herself, she was not able to 
explain why the invert-and-multiply algorithm worked. Another study about preservice teachers' 
knowledge of students' conceptions revealed that preservice teachers were not aware of the main 
sources of students’ wrong answers related to division of fractions (Tirosh, 2000). At the beginning of 
the mathematics course, the preservice teachers – though they were able to divide fractions – were also 
not able to explain the rationale behind the procedure.  
Another strand of research is set up cross-cultural and compared U.S. and Asian teachers’ knowledge 
of fractions. The rationale comes from the finding that Asian students outperform other students in the 
field of mathematics, and teacher expertise is considered to be a possible explanation for these cross-
cultural differences (Ma, 1999; Stigler & Hiebert, 1999; Zhou, et al., 2006). Studies point out that, on 
a variety of aspects, Asian teachers do have a better understanding of fractions as compared to U.S. 
teachers (Cai & Wang, 2006; Moseley, et al., 2007; Zhou, et al., 2006). A cross-cultural study 
focusing on the division of fractions is the well-known study of Liping Ma (1999). Ma studied 23 U.S. 
and 72 Chinese elementary school teachers’ knowledge of mathematics in four domains: subtraction 
with regrouping, multi-digit multiplication, division by fractions, and the relationship between 
perimeter and area. With regard to the fractions task, teachers were asked to indicate how they would 
calculate the quotient and to think of a good story or model to represent the division. Ma stated that the 
Chinese teachers’ “way of ‘doing mathematics’ showed significant conceptual understanding” (Ma, 
1999, p. 81) and that “one of the reasons why the U.S. teachers’ understanding of the meaning of 
division of fractions was not built might be that their knowledge lacked connections and links” (Ma, 
1999, p. 82). 
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Arguing that studies of preservice teachers’ knowledge of fractions have focused primarily on division 
of fractions, Newton (2008) analyzed preservice teachers’ performance on all four operations with 
fractions. Data of 85 participants were collected at the beginning and at the end of a course in which 
preservice teachers were required to link the meaning of the operations with the specific algorithm. 
The outcomes revealed that, at the end of the course, preservice teachers’ computational skill, 
knowledge of basic concepts, and solving word problems capacity improved. There was however no 
meaningfull change in flexibility and transfer was low at the post test.  
Moseley, Okamoto, and Ishida (2007) studied 6 U.S. and 7 Japanese experienced fourth grade 
teachers’ knwoledge of all five sub-constructs of fractions. The study showed that the U.S. teachers 
focused strongly on the part-whole subconstruct - even when this was inapropriate - whereas the 
Japanese teachers focused to a larger extent on correct underlying subconstructs.  
This overview illustrates that research on (preservice) teachers’ knowledge of fractions targeted 
participants common and specialized content knowledge, and did so for one or more sub-constructs, or 
for operations (mostly one operation) with fractions. However, research that addresses both 
(preservice) teachers’ knowledge of the four operations and the sub-constructs,doing so by addressing 
their common and specialized content knowledge, is lacking. We elaborate further on this in the next 
section.  
 
4. A comprehensive overview of preservice teachers’ knowledge of fractions is lacking 
The research on preservice teachers’ knowledge of fractions suggests that teacher misconceptions 
mirror the misconceptions of elementary school students (Newton, 2008; Silver, 1986; Tirosh, 2000). 
These studies however were too narrow in scope to attend to the broader range of students’ 
difficulties. In order to develop a more comprehensive picture about the parallels between elementary 
preservice teachers’ and elementary school students’ knowledge of fractions, the current study 
analyzes preservice teachers’ knowledge of the five fraction sub-constructs and preservice teachers’ 
procedural knowledge of fractions. In addition, since Ball et al.(2008) underline the importance of 
specialized content knowledge, student teachers’ capacity to explain the rationale underlying a sub-
construct or operation was studied as well. Given that teacher education is a crucial period to obtain a 
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profound understanding of fractions (Borko, et al., 1992; Ma, 1999; Newton, 2008; Toluk-Ucar, 2009; 
Zhou, et al., 2006), we included both first-year and last-year preservice teachers to study gains in their 
knowledge. Hence the present study focuses on preservice teachers’ common content knowledge as 
measured by their conceptual and procedural understanding of fractions on the one hand and on 
preservice teachers specialized content knowledge as measured by their skill in explaining the 
underlying rationale on the other hand. Two research questions are put forward: 
- To what extent do preservice teachers master the procedural and conceptual knowledge of 
fractions (common content knowledge)?  
- To what extent are preservice teachers able to explain the underlying rationale of a procedure 
or the underlying conceptual meaning (specialized content knowledge)? 
5. Methodology 
5.1. Participants 
Participants were 290 preservice teachers (184 first and 106 last-year trainees), enrolled in two teacher 
education institutes in Flanders (academic year 2009-2010). In Flanders, elementary school teachers 
follow a three-year professional bachelor degree. Flemish elementary school teachers are all-round 
teachers, and therefore preservice teachers are trained in all school subjects, including mathematics. 
The total group consisted of 43 male and 247 female students, which is representative for the Flemish 
teacher population. Participants’ average age was 19.63 (SD = 1.77) years. 
Prior to entering teacher education, 197 participants attained a general secondary education diploma 
preparing for higher education (academic track), 93 participants completed a technical or vocational 
track, not necessarily geared to enter higher education. Both teacher education programs equally focus 
on fractions (See Appendix A). A first block is devoted to repetition of basic fraction knowledge, 
while a second block focuses on how to teach fractions. Total teaching time spent to fractions during 
teacher education varies between five and seven hours. The focus ‘How to teach fractions’ in the first 
teacher education institute is programmed in the first half of the second year of teacher education. In 
the second teacher education institute it is programmed in the second half of the first year, but after the 
current study was carried out.  
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5.2. Instrument 
Based on the review of elementary school students’ understanding of fractions (cfr. supra), a test was 
developed and administered to measure preservice teachers’ understanding of fractions. A detailed 
description of all test items is provided in Appendix B. The first part of the test includes 39 items 
addressing respondents’ conceptual knowledge of fractions. These 39 test items were used in previous 
studies measuring students’ conceptual knowledge of fractions (Baturo, 2004; Boulet, 1998; 
Charalambous & Pitta-Pantazi, 2007; Clarke, et al., 2007; Cramer, Behr, Post, & Lesh, 1997; Davis, 
Hunting, & Pearn, 1993; Hannula, 2003; Kieren, 1993; Lamon, 1999; Marshall, 1993; Ni, 2001; 
Noelting, 1980; Philippou & Christou, 1994).  
The second part of the test consists of 13 test items addressing respondents’ procedural knowledge of 
fractions. These items were sampled from mathematics textbooks. In addition, for respectively two 
and five items of the first and second part of the test, respondents were required to indicate how they 
would explain the underlying rationale to students. These items aimed at measuring preservice 
teachers’ specialized content knowledge of fractions. 
All test items corresponded to the elementary school mathematics curriculum. Items measuring 
procedural or conceptual knowledge were scored dichotomously: correct/incorrect. Items measuring 
specialized content knowledge, were scored a second time leading to a 0, 1, or 2 point score. Scoring 
for the specialized content knowledge depended on the nature of the justification or clarification. If 
respondents could not explain the rationale, presented a wrong explanation, or simply articulated the 
rule, a 0 score was awarded (e.g., 2/5 x 3/5: ‘I would formulate the rule: nominator times nominator; 
denominator times denominator’). A partially correct justification/explanation, resulted in a score 1. 
The latter included responses that were too abstract for elementary school students, or partially correct 
(e.g., 2/5 x 3/5: ‘I would start with an example of multiplication of natural numbers: 2 times 3. 
Students know it equals 6. Next I would rewrite the natural numbers as fractions: 2/1 x3/1; this equals 
6/1. Then I would show that in order to multiply two fractions, one has to multiply both the 
nominators and both the denominators.’). Completely correct explanations/justifications resulted in a 
score 2 (e.g., 2/5 x 3/5: ‘I would draw a square on the blackboard and ask students to divide the square 
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in five equal pieces and let them color three of the five equal parts: this is 3/5 of the original square. 
Next I would ask to divide the colored part again in five equal pieces and let them mark in another 
color two of the five equal parts. This is 2/5 of 3/5. The original square is now divided in 25 equal 
pieces and the result of the multiplication comprises 6 of the 25 pieces. So, actually, we divided the 
original square in 25 equal-sized pieces and we took 6 such pieces. And thus, the result of the 
multiplication is 6/25.’).  
Mean scores for the conceptual and procedural subtests and for specialized content knowledge were 
calculated, resulting in an average score ranging from 0 to 2 for the specialized content knowledge 
subtest and from 0 to 1 for the conceptual and procedural subtest. 
A trial version of the test was screened by two teacher trainers and by two experienced inservice 
elementary school teachers. They were asked (1) whether the test items correspond to the elementary 
school mathematics curriculum and (2) whether they had suggestions for improving the wording of the 
items. All items were judged to correspond to the curriculum. The wording of some items was 
improved on the base of concrete suggestions. 
 
5.3. Procedure 
All tests were delivered to the participating teacher education institutes. Completed tests were returned 
to the researchers. At the time of test administration, all first year student teachers had already been 
taught basic fraction knowledge; but none was trained to teach fractions. All third year students were 
both taught basic fraction knowledge and trained to teach fractions. Informed consent was obtained 
from participating student teachers. Student teachers were informed that test scores would not affect 
their evaluation. Confidentiality of personal data was stressed. Respondents could refuse to provide 
personal background details. All student teachers participated in the study, none refused and no 
missing data were found in the data set. 
Teacher educators were given a protocol in view of the test administration containing guidelines with 
regard to the maximum time-frame, the introduction of the test to the student teachers, and the test 
administration. A time-frame of 100 minutes was set. All participants handed in the completed test 
within this time-frame. At the beginning of the test administration, the teacher educator introduced the 
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test to the preservice teachers. The test started with background questions on the first page, requesting 
student background data: name, gender, and prior secondary education diploma. All returned test 
forms were scored by one member of the research team.  
 
5.4. Research design and analysis approach 
The first research question was approached in two ways. First, the difference between student 
teachers’ conceptual and procedural knowledge of fractions was analyzed. Second, we focused 
specifically on student teachers’ conceptual knowledge of fractions and analyzed scores in relation to 
the five sub-constructs.  
With regard to the difference between student teachers’ conceptual and procedural knowledge of 
fractions, the design reflects a 2*2*2*2 mixed ANOVA design. The first factor was the between-
subjects factor of gender. The second factor was the between-subjects factor of track in secondary 
education (general oriented secondary education versus practical oriented secondary education). The 
third factor was the between-subjects factor of year of teacher education (first-year versus third-year 
teacher trainees). A fourth factor was based on the within-subjects factor of type of knowledge 
(procedural knowledge versus conceptual knowledge). The dependent variable was the participants’ 
average score. Whereas the first two factors were included in the research design as background 
variables, the third and fourth factor were included as variables of interest.  
Considering student teachers’ conceptual knowledge of fractions, the design employed was also a 
2*2*2*2 mixed ANOVA design. Between-subjects factors were the same as in the previous section: 
gender, track in secondary education, and year of teacher education. A fourth factor was a within-
subjects factor of conceptual knowledge sub-construct of which the five levels were defined by the 
five sub-constructs: part-whole, ratio, operator, quotient, and measure. The dependent variable was the 
participants’ average score. Again, the first two factors were included as background variables. The 
third and fourth factor were included as variables of interest. 
With regard to the second research question, the design employed was a 2*2*2 ANOVA design. The 
three between-subjects factors were based on gender, track in secondary education, and year of teacher 
education. The dependent variable was the participants’ average score for the specialized content 
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knowledge subtest. Once more, the first two factors were considered as background variables; the third 
factor as a variable of interest. 
 
6. Results 
6.1. Procedural and conceptual knowledge 
The average score for the complete fractions test was .81 (SD = .11), .86 (SD = .15) for the procedural 
knowledge subtest, and .80 (SD = .12) for the conceptual knowledge subtest (see Table 1).  
Table 1. Average score (and standard deviation) on the fractions test 
 Procedural knowledge  Conceptual knowledge  Total 
 Male Female Total  Male Female Total  Male Female Total 
AT .89 (.17) .86 (.14) .87 (.15)  .86 (10) .82 (.10) .82 (.11)  .87 (.10) .83 (.10) .83 (.10) 
TT .85 (.16) .84 (.17) .84 (.17)  .84 (.09) .71 (.14) .74 (.14)  .84 (.10) .74 (.12) .76 (.13) 
Total .88 (.17) .85 (.15) .86 (.15)  .85 (.10) .79 (.13) .80 (.12)  .86 (.10) .80 (.11) .81 (.11) 
Note. AT = academic track; TT = technical or vocational track. 
 
There was a significant main effect of gender (F(1, 282) = 5.27, p < .05, partial η² = .02), track in 
secondary education (F(1, 282) = 6.88, p < .01, partial η² = .02), and type of knowledge (F(1, 282) = 
15.78, p < .0001, partial η² = .05). There was no significant main effect of year of teacher education 
(F(1,282) = 1.75, p = .187). The gender by type of knowledge interaction (F(1, 282) = 4.01, p < .05, 
partial η² = .01), and the gender by type of knowledge by secondary education interaction (F(1, 282) = 
4.47, p < .05, partial η² = .02) were also significant. The significant main effects show that male 
student teachers scored higher than female students teachers on the whole fractions test, that student 
teachers from an academic track scored higher on the whole fractions test than those from a technical 
or vocational track in secondary education, and that scores for procedural knowledge of fractions were 
higher than scores for conceptual knowledge of fractions (see Table 1). Related effect sizes were small 
(cfr. supra). The absence of a significant main effect of year of teacher education indicates that third-
year trainees did not perform significantly different as compared to first-year trainees on the whole 
fractions test. 
The gender by type of knowledge interaction implies that the difference between male and female 
student teachers was significantly smaller for procedural knowledge as compared to the gender 
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difference on the whole fractions test score (See Table 1). Moreover, male student teachers scored 
higher than female students teachers on conceptual knowledge (t =3.41, df = 288, p < .005, one-tailed), 
but not on procedural knowledge (t =.86 , df = 288, p = .19, one-tailed). The gender by type of 
knowledge interaction also indicates that the difference between the scores for procedural and 
conceptual knowledge for male students was significantly smaller as compared to the difference for 
the entire group of respondents. Moreover, the scores for procedural knowledge were significantly 
higher than scores for conceptual knowledge for female student teachers (t =6.90, df = 246, p < .0001, 
one-tailed), but not for male student teachers (t =1.04, df = 42, p = .15, one-tailed).  
The gender by type of knowledge by secondary education interaction reflects that female student 
teachers from an academic track in secondary education scored significantly higher for conceptual 
knowledge than female student teachers from a technical or vocational track (t = 5.89 , df = 114, p < 
.0001, one-tailed), while this did not hold for procedural knowledge (t = 1.23, df = 120.71, p = .11, 
one-tailed). Male student teachers from an academic track did not score significantly higher than male 
student teachers from a technical or vocational track (conceptual knowledge: t = .83, df = 41, p = .21, 
one-tailed; procedural knowledge: t = .97, df = 41, p = .17, one-tailed).  
 
6.2. Conceptual knowledge: sub-constructs 
There was a significant main effect of gender (F(1, 282) = 12.56, p < .0005, partial η² = .04), track in 
secondary education (F(1, 282) = 9.26, p < .005, partial η² = .03), and sub-construct (F(3.38, 953.24) = 
56.15, p < .0001, partial η² = .17). There was no significant main effect of year of teacher education 
(F(1,282) = 0.501, p = .480). 
The significant main effects indicate that male student teachers scored higher than female student 
teachers and that student teachers from an academic track scored higher on the subtest measuring 
conceptual knowledge than those from a technical or vocational track (see Table 2).  
The absence of a significant main effect of year of teacher education indicates that third-year trainees 
did not perform significantly different on the subtest measuring conceptual knowledge as compared to 
first-year trainees. 
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Table 2. Average score (and standard deviation) for the sub-constructs 
  Secondary education 
  AT TT Total 
Part-whole Male .92 (.10) .92 (.10) .92 (.10) 
 Female .90 (.11) .80 (.18) .87 (.14) 
 Total .90 (.11) .82 (.17) .88 (.14) 
Ratio Male .97 (.05) .95 (.10) .96 (.07) 
 Female .94 (.10) .91 (.12) .93 (.10) 
 Total .94 (.09) .92 (.11) .93 (.10) 
Operator Male .79 (.18) .78 (.19) .79 (.18) 
 Female .77 (.18) .62 (.23) .73 (.21) 
 Total .78 (.18) .65 (.23) .74 (.21) 
Quotient Male .82 (.24) .79 (.21) .81 (.22) 
 Female .80 (.22) .65 (.26) .76 (.24) 
 Total .81 (.22) .67 (.25) .76 (.24) 
Measure Male .77 (.20) .70 (.20) .74 (.20) 
 Female .64 (.22) .51 (.24) .60 (.24) 
 Total .66 (.22) .55 (.24) .62 (.24) 
Total Male .87 (.08) .85 (.08) .87 (.08) 
 Female .82 (.10) .72 (.13) .79 (.12) 
 Total .82 (.10) .74 (.13) .80 (.12) 
Note. AT = academic track; TT = technical or vocational track. 
 
Paired t-tests were performed to further analyze the significant main effect of sub-construct (see Table 
3). As can be derived from Table 3, the results reveal a hierarchy in the mastery level of the sub-
constructs. The score for the ratio sub-construct was significantly higher than the scores for all other 
sub-constructs. The score for the part-whole sub-construct was significantly higher than the scores for 
the quotient, operator, and measure sub-construct. The score for the quotient sub-construct was 
significantly higher than the scores for the operator and measure sub-construct. The score for the 
operator sub-construct was significantly higher than the score for the measure sub-construct, and 
consequently, the score for the measure sub-construct was significantly lower than the scores for all 
other sub-constructs. 
Table 3. T-values for differences between sub-constructs (row minus column) 
 Part-whole Ratio Operator Quotient Measure 
Part-whole / -6.58** 12.36** 8.75** 20.45** 
Ratio  / 16.70** 12.50** 23.00** 
Operator   / -1.82* 7.79** 
Quotient    / 8.97** 
Measure     / 
df = 289; * p < .05; ** p< .0001 
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A more detailed inspection of responses at item level revealed some remarkable results. First, in total 
63.10% of the respondents was not able to give a number located between 
	
 and 

 (item 19) and 
43.44% could not solve item 18: ‘By how many times should we increase 9 to get 15?’. Furthermore, 
35.86% did not answer item 29 correctly: ‘Which of the following are numbers? Circle the numbers: 
A, 4, *, 1.7, 16, 0.006, 


, 47.5, 

, $, 1


’; and 35.52% could not locate the number one on a number line 
when the origin and a given number (2

) was given (item 21.2). In addition, also 35.52% was not able 
to solve item 24: ‘Peter prepares 14 cakes. He divides these cakes equally between his 6 friends. How 
much cake does each of them get?’.  
As the nature of the responses to items 19 and 29 reflected patterns, an error analysis was performed. 
Item 19 asks respondents whether there is a fraction located between 
	
 and 

. If they thought so, 
respondents were asked to write down a fraction located between the two given fractions. Only 
36.90% (n = 107) answered this question correctly. Errors: 75 students were not able to answer the 
question, 55 wrote down a fraction that was not located between the two given numbers, and 53 
indicated explicitly that no fraction exists between 
	
 and 

. As such, 18.28% of all the respondents 
came up with a wrong answer because they explicitly thought that there are no fractions located 
between 
	
 and 

. Item 29 asks respondents to circle the numbers in a given row of representations. In 
total, 186 (64.14%) did well. Errors: 85 students neglected the fractions; 5 respondents did only 
encircle the natural numbers, 2 respondents did encircle both numerators and denominators, and 12 
made another type of error. As such, 92 respondents (31.72%) made an error that states that a fraction 
is not a number. 
 
6.3. Specialized content knowledge 
The average score for the specialized content knowledge subtest was 0.42 (SD = 0.20) out of a 
maximum of 2. There was a significant main effect of track in secondary education (F(1, 282) = 4.05, 
p < .05, partial η² = .01) and a significant interaction effect of gender by year of teacher education 
(F(1, 282) = 3.97, p < .05, partial η² = .01). Though these differences were significant, the effect sizes 
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indicate that we observed rather small variations. There was no significant main effect of gender 
(F(1,282) = 0.002, p = .960) and no significant main effect of year of teacher education (F(1,282) = 
0.328, p = .568). 
According to the significant main effects, student teachers from an academic track scored significantly 
higher on the specialized content knowledge subtest than those who followed a technical or vocational 
track in secondary education (see Table 4).  
Table 4. Average score (and standard deviation) for specialized content knowledge 
 First year teacher training  Third year teacher training  Total 
 Male Female Total  Male Female Total  Male Female Total 
AT .44 (.13) .43 (.18) .44 (.17)  .43 (.23) .46 (.21) .46 (.21)  .44 (.16) .45 (.19) .44 (.19) 
TT .46 (.19) .32 (.19) .35 (.20)  .29 (.00) .40 (.23) .38 (.21)  .42 (.19) .34 (.21) .35 (.20) 
Total .45 (.16) .39 (.19) .40 (.19)  .38 (.20) .45 (.22) .44 (.22)  .43 (.17) .41 (.20) .42 (.20) 
Note. AT = academic track; TT = technical or vocational track. 
 
The absence of the significant main effect ‘year of teacher education’ implies that across all 
respondents, teacher education year did not had a significant impact on the student teachers’ score for 
specialized content knowledge of fractions. The gender by year of teacher education interaction 
implies that the difference between first and third year male students was significantly different as 
compared to the difference between the entire group of first and third year students. The gender by 
year of teacher education interaction also means that the difference between male and female third 
year students was significantly different as compared to the difference between entire group of male 
and female students (see Table 4).  
 
7. Discussion and conclusion 
A major concern regarding increasing mathematics standards expected of students should be teachers’ 
preparation to address these standards (Jacobbe, 2012; Kilpatrick, et al., 2001; Stigler & Hiebert, 
1999; Zhou, et al., 2006). Fractions is known to be an important yet difficult subject in the 
mathematics curriculum (Newton, 2008; Siegler, et al., 2010; Van Steenbrugge, et al., 2010). 
Compared to the large amount of research that focuses on students’ knowledge of fractions, little is 
known, however, about both inservice and preservice teachers’ knowledge of fractions (Moseley, et 
al., 2007; Newton, 2008). This is a critical observation since particularly in elementary education, it is 
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a common misconception that school mathematics is fully understood by the teachers and that it is 
easy to teach (Ball, 1990; Jacobbe, 2012; NCTM, 1991; Verschaffel, et al., 2005). Therefore, and 
given that teacher education is considered to be a crucial period in order to obtain a profound 
understanding of fractions (Borko, et al., 1992; Ma, 1999; Newton, 2008; Toluk-Ucar, 2009; Zhou, et 
al., 2006), this study focused on preservice teachers’ knowledge of fractions.  
A common approach to analyze the required content knowledge to teach effectively is by means of a 
review of students’ understanding to determine the difficulties students encounter with mathematics 
(Ball, et al., 2008; Stylianides & Ball, 2004). Following this methodology, we reviewed studies related 
to students’ understanding of fractions, revealing a gap between students’ procedural and conceptual 
knowledge of fractions (Aksu, 1997; Bulgar, 2003; Post, et al., 1993; Prediger, 2008). Analysis of 
students’ conceptual understanding of fractions illustrated that students are most successful in tasks 
about the part-whole sub-construct, whereas students’ knowledge of the sub-construct measure is 
disappointing (Charalambous & Pitta-Pantazi, 2007; Clarke, et al., 2007; Hannula, 2003; Martinie, 
2007). 
Research suggests that preservice teachers’ knowledge of fractions mirrors similar misconceptions as 
revealed by research of elementary school students’ knowledge of fractions (Newton, 2008; Silver, 
1986; Tirosh, 2000). Previous studies were however too narrow in scope to analyze the difficulties 
preservice teachers encounter when learning fractions as revealed in our overview of students’ 
understanding of fractions. Therefore, we decided to use a more comprehensive test measuring both 
preservice teachers’ conceptual and procedural knowledge of fractions and their competence in 
explaining the underlying rationale.  
Regarding the first research question, preservice teachers’ procedural and conceptual knowledge about 
fractions were analyzed. Since test items corresponded to the elementary school mathematics 
curriculum, and since the Flemish Government stresses that preservice teachers, regarding content 
knowledge, should master at least the attainment targets of elementary education (Ministry of the 
Flemish Community Department of Education and Training, 2007), it can be concluded that an 
average score of .81 is not completely sufficient to teach these contents. Moreover, detailed results 
revealed that even third-year student teachers made many errors. Across all respondents, scores for 
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procedural knowledge were significantly higher than scores for conceptual knowledge. Though the 
related effect size indicated that the difference was small, the latter reflects the finding a gap between 
elementary school students’ procedural and conceptual knowledge of fractions (Aksu, 1997; Bulgar, 
2003; Post, et al., 1993; Prediger, 2008). In addition, sub-scores for the five fraction sub-constructs 
were studied in detail. Large and significant differences in the mastery of the various sub-constructs 
were found. The findings again mirror the results from studies involving elementary school students 
who seem to master especially the part-whole sub-construct while scores for the measure sub-
construct are disappointing (Charalambous & Pitta-Pantazi, 2007; Clarke, et al., 2007; Hannula, 2003; 
Martinie, 2007). Moreover, more than one third of the preservice elementary school teachers did not 
encircle the fractions out of a set of characters when asked to circle the numbers. This also reflects the 
finding that elementary school students often did not internalize that a fraction represents a single 
number (Post, et al., 1993). These results raise questions considering preservice teachers’ common 
content knowledge of fractions. This is a critical finding since this kind of knowledge is found to play 
a crucial role when teachers plan and carry out instruction in teaching mathematics (Ball, et al., 2008) 
and consequently is considered as a cornerstone of teaching for proficiency (Kilpatrick, et al., 2001). 
With regard to the second research question of the study, we addressed preservice teachers’ skill in 
explaining the underlying rationale (i.e. explaining why a procedure works or justifying their answer 
on a conceptual question). This kind of knowledge, specialized content knowledge, refers to the 
mathematical knowledge and skill unique to teaching (Ball, et al., 2008). The average score for 
preservice teachers’ specialized content knowledge was only .42 (maximum = 2.00), which can be 
considered as a low score, that – although there is no bench mark available – questions preservice 
teachers’ specialized content knowledge level. This is an important finding since research clearly 
points at the differential impact of teachers who have a deeper understanding of their subject (Hattie, 
2009). The present results question the nature and impact of teacher education. The latter is even more 
important, since we observe that the year of teacher education that students are in did not have a 
significant impact on preservice teachers’ common content knowledge, nor on their specialized 
content knowledge of fractions, implying that third year students did not perform better than first year 
students. Analysis of the fractions-related curriculum in teacher education learns that this is hardly 
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surprising, since only a limited proportion of teaching time in teacher education is spent on fractions. 
Given that fractions are considered an essential foundational skill for future mathematics success and 
as a difficult subject to learn and to teach (Hecht, et al., 2003; Newton, 2008; Van Steenbrugge, et al., 
2010), questions can be raised about the fact that fractions represent only a very small proportion of 
the curriculum related time in teacher education. Along the same line, one can doubt whether it is 
feasible to prepare preservice teachers to teach every subject in elementary education. A practical 
alternative, as suggested by the National Mathematics Advisory Panel (2008), could be to focus on 
fewer teachers who are specialized in teaching elementary mathematics. Also, simply increasing the 
number of lessons in teacher education that focus on fractions would be insufficient; preservice 
teachers should be provided with mathematical knowledge useful to teaching well (Kilpatrick, et al., 
2001). Therefore, teacher education programs could familiarize preservice teachers with common, 
sometimes erroneous processes used by students (Tirosh, 2000) and include explicit attempts to 
encourage their flexibility (a tendency to use alternate methods when appropriate) in working with 
fractions (Newton, 2008). 
The implication of our finding that only a limited proportion of teaching time in teacher education is 
spent on fractions and on how to teach fractions relates not only to mathematics education of 
preservice teachers, but to teacher education in general. It suggests that the move from teacher 
“training” to teacher “education”, initiated in the 1980s (Verloop, Van Driel, & Meijer, 2001), is yet 
not fully implemented. Preservice teachers can replicate most of the procedures they have been taught, 
but they are not ‘empowered’ with a deeper understanding (Darling-Hammond, 2000).  
Concluding, the present study indicates that Flemish preservice teachers’ knowledge of fractions 
mirrors students’ inadequate knowledge of fractions. Their level of common content knowledge and in 
particular their level of specialized content knowledge of fractions is below a required level. 
Moreover, teacher education seems to have no impact on its development. These findings might give 
impetus to teacher education institutes to reflect on on how to familiarize preservice teachers with 
teaching fractions. Future research focusing on approaches to improve teacher education’s impact on 
preservice teachers’ level of common content knowledge and specialized content knowledge of 
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fractions in particular and of mathematics more broadly, can have a significant impact on improving 
the content preparation of preservice teachers.  
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APPENDIX. Description of the 52 test items measuring conceptual, procedural, and specialized 
content knowledge of fractions 
 
Conceptual knowledge 
• Sub-construct: part-whole 
1. [Three drawings of rectangles divided in parts of which some are shaded are given.] Which of 
the following corresponds to the fraction 2/3? Circle the correct answer. 
7. [A triangle, divided in 2 rectangles and 4 triangles of which 1 triangle is shaded is given. The 
two rectangles are equally sized; the 4 triangles are all exactly half of the size of the rectangles.] 
Which part of the triangle is represented by the grey part? Answer by means of a fraction. 
8. [A drawing of a rectangle is given.] The rectangle below represents 2/3 of a figure. Complete 
the whole figure. 
13. [A picture of 4 marbles is given]. If this represents 2/5 of a set of marbles, draw the whole set 
of marbles below. 
14.1. [A drawing of 4 triangles and 5 circles is given.] What part of the total number of the objects 
shown in the picture are the triangles included in this picture? 
14.2. [The same drawing of 4 triangles and 5 circles is given.] What part of the triangles shown in 
the picture above, do two triangles represent? 
16. [18 dots are given, of which 12 are black-colored.] Which part of the dots is black-colored? 
25. [A drawing of a triangle, divided into3 equally-sized parts is given.] Color ¾ of the rectangle 
below. 
26.1. [A circle divided in some parts is given. Each part is allocated to a corresponding character.] 
Which part of the circle is represented by B? 
26.2. [The same circle divided in some parts is given. Each part is allocated to a corresponding 
character.] Which part of the circle is represented by D? 
 
• Sub-construct: ratio 
2. [a drawing of 3 pizzas allocated to 7 girls, and 1 pizza allocated to 3 boys is given.] Who gets 
more pizza: the boys or the girls? 
3.1. [A square divided in 6 equally-sized rectangles of which 1 is shaded is given on the left. On 
the right, 24 diamonds are given.] Use the diagram on the right to represent an equivalent fraction 
to the one presented on the left. 
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3.2. [On the left, 4 diamonds are given of which 1 is encircled. On the right, 1 rectangle is divided 
into 16 equally-sized squares.] Use the diagram on the right to represent an equivalent fraction to 
the one presented on the left. 
3.3. [A rectangle divided in 6 equally-sized squares of which 4 are shaded is given on the left. On 
the right, 24 diamonds are given.] Use the diagram on the right to represent an equivalent fraction 
to the one presented on the left. 
9*5. [Two equal-sized squares, one divided in 7 equal parts, the other divided in 4 equal parts are 
given. By means of balloons, Hannah states that ‘7/7 is larger than 4/4 because it has more pieces’ 
and Jonas states that ‘4/4 is larger because its pieces are larger’.] What do you think? Who is 
right? Please justify your answer. 
10. [A rectangle divided into 18 parts of equal size of which 10 are shaded is given. Also 5 circles 
of which some part is shaded are given.] The proportion of the area shaded in the following 
rectangle is approximately the same with the proportion of the area shaded in which circle? (Circle 
ONE answer only.) 
17.1. Bram and Olivier are making lemonade. Whose lemonade is going to be sweater if the kids 
use the following recipes? Bram: 2 spoons of sugar for every 5 glasses of lemonade; Olivier: 1 
spoon of sugar for every 7 glasses of lemonade. 
17.2. Bram and Olivier are making lemonade. Whose lemonade is going to be sweater if the kids 
use the following recipes? Bram: 2 spoons of sugar for every 5 glasses of lemonade; Olivier: 4 
spoons of sugar for every 8 glasses of lemonade. 
27. Piet and Marie are preparing an orange juice for their party. Below you see the two recipes. 
Which recipe will taste the most ‘orange’? Recipe 1: 1 cup of concentrated orange juice and 5 
cups water. Recipe 2: 4 cups of concentrated orange juice and 8 cups of water. 
 
• Sub-construct: operator 
15.1. Without carrying out any operations, decide whether the following statement is correct or 
wrong. If we divide a number by 4 and then multiply the result by 3, we are going to get the same 
result we would get if we multiplied this number by ¾. 
15.2. Without carrying out any operations, decide whether the following statement is correct or 
wrong. If we divide a number by 7 and then multiply the result by 28 we are going to get the same 
result we would get if we multiplied this number by ¼. 
15.3. Without carrying out any operations, decide whether the following statement is correct or 
wrong. If we divide a number by 4 and then multiply the result by 2 we are going to get the same 
result we would get if we divided this number by 2/4. 
                                                     
5
 An asterix (*) indicates that the item in addition was used to measure respondents’ specialized content 
knowledge. 
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18*. Please answer the following question. Then explain how you got your answer. ‘By how many 
times should we increase 9 to get 15?’ 
28.1. [A drawing of a machine that outputs ¼ of the input number is given.] If the input number is 
equal to 48, the output number will be …? 
28.2. [A drawing of a machine that outputs 2/3 of the input number is given.] If the input number 
is equal to 12, the output number will be …? 
 
• Sub-construct: quotient 
4. Decide whether the following statement is correct or wrong: ‘2/3 is equal to the quotient of the 
division 2 divided by 3.’ 
5. Three pizzas were evenly shared among some friends. If each of them gets 3/5 of the pizza, how 
many friends are there altogether? 
11. [A drawing of 5 girls and 3 pizzas is given.] Three pizza’s are equally divided among five 
girls. How much pizza will each of them get? 
12. Which of the following correspond to a division? 137 + 45 = ; 350 : 30 = ; 234 – 124 = ; 
12/124 = ; 45*123 = ; 
3
2
 
24. Peter prepares 14 cakes. He divides these cakes equally between his 6 friends. How much cake 
does each of them get? 
 
• Sub-construct: measure 
6.1. [A number line is given, with a range from 0 to 6.] Locate 9/3 on the number line. 
6.2. [A number line is given, with a range from 0 to 6.] Locate 11/6 on the number line. 
19. Is there a fraction that appears between 1/8 and 1/9? If yes, give an example. 
20. Draw below a number line and locate 2/3 on it. 
21.1. [A number line with the origin and 5/9 located on is given.] Locate number 1 on the number 
line. 
21.2. [A number line with the origin and 2

 located on is given.] Locate number 1 on the number 
line. 
23.1. Use two of the  following numbers to construct a fraction as close as possible to 1. [The 
numbers 1,3,4,5,6,7 are given.] 
23.2. Use two of the  following numbers to construct a fraction as close as possible to 0. [The 
numbers 1,3,4,5,6,7 are given.] 
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29. Which of the following are numbers? Put a circle around them. [Next is given: A, 4, *, 1.7, 16, 
0.006, 


, 47.5, 

, $, 1


] 
 
Procedural knowledge 
• Find the answer to the following 
40. 3/5 + 4/5 = …    44. 8/3 * 4/5 =  
41. 5/8 – 1/4 = …    45. 3/4 + 1/3 = … 
42. 3/5 * 3/4 = …    46. 5/6 – 1/4 = … 
43. 1/3 : 4 = …    47. 6/7 : 2/3 = … 
 
• Find the answer to the following. Illustrate each time how you would explain this to your pupils. 
You can use the following pages to write down the illustrations. 
48*. 5/6 – 1/4 = … 
49*. 2/6 + 1/3 = … 
50*. 5: 1/2 = … 
51*. 2/5 * 3/5 = … 
52*. 3/4 : 5/8 = … 
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Chapter 5 
 
Teaching fractions for conceptual understanding: An observational study in elementary school6 
 
Abstract 
 
This study analyzed how fractions are taught in the fourth grade of elementary school in Flanders, the 
Dutch speaking part of Belgium. Analysis centered on features that facilitated students’ conceptual 
understanding. The findings suggested that the teaching of fractions in Flanders supported students’ 
procedural understanding rather than their conceptual understanding of fractions. The study further 
revealed that the orientation toward conceptual understanding differed according to the mathematical 
idea that was stressed. Finally, the results revealed a consistency in the transition from the task as 
presented in the teacher’s guide to the task as set up by the teacher, and an inconsistency in the 
transition from the task as set up by the teacher to the task as enacted through individual guidance by 
the teacher. Implications are discussed.  
 
 
  
                                                     
6
 Based on: 
Van Steenbrugge, H., Remillard, J., Verschaffel, L., Valcke, M., & Desoete, A. Teaching fractions for 
conceptual understanding: An observational study in elementary school. Manuscript submitted for publication in 
The Elementary School Journal. 
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1. Teaching fractions 
In the chapter ‘Rational Number, Rate, and Proportion’ in the Handbook of Research on Mathematics 
Teaching and Learning, Behr, Harel, Post, and Lesh (1992) concluded that they were unable to find a 
significant body of research that focused explicitly on teaching rational number concepts. By making 
this statement, Behr and colleagues highlighted the dearth of findings that could offer guidance for 
teaching the domain that includes fractions (Lamon, 2007). A notable exception on this point is the 
work of Streefland, who developed, implemented, and evaluated a curriculum for fractions in 
elementary school in The Netherlands that was built according to a constructivist approach 
(Streefland, 1991). In her chapter ‘Rational Numbers and Proportional Reasoning’ in the Second 
Handbook of Research on Mathematics Teaching and Learning, Lamon (2007) does report on 
research that has taken rational number concepts into the classroom and as such offers empirically 
grounded suggestions for teaching. Illustrating the growing interest and body of research in the field of 
teaching fractions is the practice guide ‘Developing effective fractions instruction for kindergarten 
through 8th grade’ (Siegler et al., 2010), published by the Institute of Educational Sciences [IES], the 
research arm of the U.S. Department of Education. The five presented recommendations in this 
practice guide range from proposals related to the development of basic understanding of fractions in 
young children to more advanced understanding of older students as they progress through elementary 
and middle school. One recommendation addresses teachers’ own understanding and teaching of 
fractions. Whereas the recommendations vary in their particulars, they all reflect the importance of 
conceptual understanding of fractions (Siegler et al., 2010, p. 8). Siegler and colleagues state however 
that to date, still less research is available on fractions than on whole numbers, and that a greater 
number of studies related to the effectiveness of alternative ways of teaching fractions is needed.  
This study is a response to calls for greater focus on the teaching of fractions, and within that, a 
response to the call for more attention to the development of conceptual understanding of fractions. 
The aim of the study is to take stock of how Flanders, the Dutch speaking part of Belgium, is doing in 
response to this call. To do so, we examined how fractions are represented in the most commonly used 
curriculum programs in Flanders and how fractions lessons from these curriculum programs are 
implemented. Our rationale for including analysis of how the written curriculum is implemented is 
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informed by research on curriculum enactment that illustrates that teachers use curriculum resources in 
different ways and that written plans are transformed when teachers enact them in the classroom 
(Stein, Remillard, & Smith, 2007). By providing a picture of how fractions are currently taught in 20 
classrooms, this study informs the research field about the current ways of teaching fractions which 
can stimulate discussion and result in a more precisely oriented focus on alternative ways of teaching 
fractions.  
 
2. Conceptual framework 
The conceptual framework applied to analyze how teachers teach fractions was based on the 
mathematics task framework as adopted in a study that analyzed enhanced instruction as a means to 
build students’ capacity for mathematical thinking and reasoning (Stein, Grover, & Henningsen, 
1996). Taking the mathematical task as the unit of analysis, Stein et al. (1996) demonstrated changes 
in cognitive demand of mathematical tasks as they are implanted during instruction. They frequently 
found differences in the demand of the tasks as they appeared in instructional materials, as they were 
set up by the teacher, and as they were implemented by students in the classroom. This framework was 
later adapted by Stein et al. (2007) to elaborate the role that teachers play in these curricular shifts. 
Their review of the literature identified three phases in the curriculum implementation chain: 
curriculum as written, as intended by the teacher, and as enacted in the classroom. Figure 1 combines 
these two frameworks and shows through shading those components that were the focus of this study. 
 
2.1. Mathematical tasks 
Examination of the teaching of fractions was framed by the concept of mathematical tasks. This 
concept builds on what Doyle (1983) described as academic tasks. Doyle underlined the centrality of 
academic tasks in creating learning opportunities for students (Silver & Herbst, 2007). In this study, 
we used the Stein et al.’s (1996) definition of a mathematical task as a classroom activity that aims to 
focus students’ attention on a specific mathematical idea. The conception of Stein and colleagues of 
mathematical tasks is similar to Doyle’s notion of academic tasks in that it determines the content that 
students learn, how students learn this content, and by means of which resources that students learn 
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this content. It is different from Doyle’s notion of academic task regarding the duration: an activity is 
not classified as another mathematical task, until the underlying mathematical idea changes. In the 
current study, instructional time of the analyzed lessons was typically divided in one or two 
mathematical tasks and as such, the mathematical tasks can be considered as broad units of analysis, 
which was in accordance with the plea for broad units of analysis to describe the complex nature of 
teaching (Hiebert et al., 2003; Hiebert & Grouws, 2007; Stigler & Hiebert, 1999).  
 
 
Figure 1. Conceptual framework based on Stein, Grover, and Henningsen, 1996; Stein, Remillard, and 
Smith, 2007 
 
A central theme in research related to academic tasks is the extent to which tasks can change their 
character as they pass through the curriculum chain as depicted in the conceptual framework (Stein et 
al., 1996, p. 460). For example, Stein et al. (1996) found that teachers often lowered the nature of tasks 
because of their focus on correctness of the answer, or because the teachers did too much for the 
students. 
This study focused on three aspects of the conceptual framework. Given that curriculum programs are 
considered to be a main source of the mathematical tasks as presented by the teacher (Stein et al., 
2007), a first focus of the study related to the task as represented in the teacher’s guide. The task as 
represented in the teacher’s guide refers to the way in which the task set up during instruction is 
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described in the teacher’s guide to inform the teacher on how to ‘optimally’ set up and implement the 
specific mathematical idea. Second, we analyzed the task as set up by the teacher, given the 
importance of the enacted curriculum to shape students’ learning experiences (Carpenter & Fennema, 
1988; Stein et al., 2007; Wittrock, 1986). The task as set up refers to the task as introduced by the 
teacher. The kinds of assistance provided by the teacher to students that are having difficulties, is 
considered to be a factor that influences how tasks are implemented by the students in the classroom 
(Stein et al., 1996). This was also part of the current study’s focus. We defined this as the task as 
enacted through individual guidance provided by the teacher to students that are having difficulties. 
The mathematical task as represented in the teacher’s guide, as set up by the teacher, and as enacted 
through individual guidance provided by the teacher to students that are having difficulties were 
examined on task features that are considered to facilitate students’ conceptual understanding. We 
describe this below.  
 
2.2. Task features that relate to students’ conceptual understanding 
Teaching that primarily facilitates students’ skill efficiency is often described as rapidly paced, 
teacher-directed instruction in which the teacher plays a central role in the organization and 
presentation of a mathematical problem to students that is followed by a substantial amount of error 
free practice of a similar set of problems completed by students individually (Hiebert & Grouws, 
2007; Stein et al., 1996). Students’ work, then, can be described as memorization of facts and applying 
procedures without understanding of when and why to apply these procedures (Stein et al., 1996). 
A key feature of teaching for conceptual understanding can be described as students struggling with 
important mathematics: “By struggling with important mathematics we mean the opposite of simply 
being presented with information to be memorized or being asked only to practice what has been 
demonstrated” (Hiebert & Grouws, 2007, pp. 387-388). Along this line, research points at 
maintenance of a high level of cognitive demand during lesson enactment as an important factor in 
students’ learning gains (Boaler & Staples, 2008; Stein & Lane, 1996; Stigler & Hiebert, 2004). 
Furthermore, students struggling with important mathematics also implies that students must be given 
opportunities to make themselves sense of mathematics. Therefore, students should be encouraged to 
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discuss ideas with each other and must be given meaningful and worthwhile tasks. Such tasks use 
contextualized problems, contain multiple solution strategies, encourage the use of different 
representations, and ask students to communicate and justify their solution methods (Hiebert & 
Wearne, 1993; Stein et al., 1996). This is also the kind of teaching mathematics that is plead for in 
several countries with the adoption of new standards (Bergqvist & Bergqvist, 2011; Lloyd, Remillard, 
& Herbel-Eisenman, 2009; NCTM, 2000; Verschaffel, 2004).  
Underlining the importance of teaching for conceptual understanding, several studies have revealed 
that lessons that focus on students’ conceptual understanding also promote students’ skills (Hiebert & 
Grouws, 2007). However, a major difference lies in the finding that students who developed skill by 
means of conceptual understanding more fluently applied that skill: they were better able to adjust 
their skill to changing circumstances (Bjork, 1994; Hiebert & Grouws, 2007). 
Given the importance of teaching for conceptual understanding, in the current study, the mathematical 
tasks were analyzed on the following task features: the extent to which the task makes use of 
contextualized problems, the extent to which the task stimulates collaboration between students, the 
extent to which the task lends itself to be solved by means of multiple solution strategies, the extent to 
which the task can be depicted by several representations, and the extent to which the task encourages 
to predict and/or justify the solution methods.  
Features of selected tasks in the teacher’s guide relate to the extent to which the teacher’s guide 
encourages the teacher to incorporate these features. During task set up, task features refer to the 
extent to which the task as announced by the teacher incorporates or encourages these different 
features. Task features during the assistance provided by the teacher refer to the extent to which the 
teacher incorporates or encourages these features while helping students with difficulties. 
 
3. Research questions 
The overall aim of the study is to analyze how teachers teach fractions. Guided by the conceptual 
framework, the following research questions were put forward: 
- To what extent does the teaching of fractions in Flanders (task as presented in the teacher’s 
guide, task as set up by the teacher, and task as enacted through individual guidance provided 
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by the teacher to students who experience difficulties) reflect features that foster students’ 
conceptual understanding of fractions? Is there a relationship with the particular curriculum 
program used or the specific mathematical idea being stressed? 
- To what extent do the instructional features change as instruction moves from tasks as written 
in the curriculum, to how they are set up in the classroom, to how they are enacted through 
individual guidance provided by the teacher?  
 
4. Methodology 
In order to pursue these questions, we analyzed 24 video recorded lessons on fractions of 20 teachers. 
Teachers were using one of the three most predominately used curriculum programs in Flanders. 
Using the task features listed above, we analyzed the tasks as they appeared in the teachers’ guides, as 
they were set up by the teacher during the lesson, and how they were represented to students during 
individualized assistance by the teacher. 
4.1. Data sources 
Transcriptions of videotaped classroom lessons formed the basis of the data used for analysis. 
Classroom observations took place during Spring 2010 and were video recorded by trained observers. 
Each observation covered one complete mathematics lesson.  
The observers were students in educational sciences enrolled in the course ‘mathematics education’. 
During two consecutive sessions, students were given information of the background and aim of the 
study, and of the practical aspects of the study (i.e., the necessity to record one complete lesson and to 
stay focused on the teacher, how to complete the informed consent, and how to introduce themselves 
to the school principals and the teachers). Students were also presented fragments of a recorded lesson 
that was discussed afterwards. Students were asked to videotape two lessons of fractions in fourth 
grade of elementary education. Between the first and second observation, and after the second 
observation, students met each other in groups of ten, supervised by the first author to share findings, 
obstacles and other experiences with each other. 
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4.2. Sampling procedure 
In total, based on an at random selection, 20 Flemish schools participated in the study. Of every school 
one fourth grade teacher participated in the study. As a selection criterion, schools had to use one of 
the most frequently used curriculum programs in Flanders: Kompas (KP), Nieuwe tal-rijk (NT), and 
Zo gezegd, zo gerekend! (ZG). (Abbreviations are used going forward). This resulted in a total number 
of 29 lessons considered for analysis. Table 1 gives an overview of the number of lessons, schools and 
teachers that were considered for analysis, and the total number of lessons, schools and teachers that 
finally were included in the analysis. From our initial pool of 29 lessons, we selected 24 lessons. 
Selection secured an equal amount of lessons of each curriculum program (n = 8), and a maximum 
overlap related to the mathematical ideas covered across the three curriculum programs. As such, 24 
observed lessons were included in the analysis.  
Table 1. Overview of data pool 
  Considered for analysis  Included in the analysis 
  Lessons Schools Teachers  Lessons Schools Teachers 
Kompas  10 8 8  8 8 8 
Nieuwe tal-rijk  9 6 6  8 6 6 
Zo gezegd, zo gerekend!  10 6 6  8 6 6 
Total  29 20 20  24 20 20 
 
Fourteen lessons included only one mathematical task set up by the teacher; 5 lessons included two 
mathematical tasks set up by the teacher, and another 5 lessons, included three mathematical tasks set 
up by the teacher. For lessons with two or three mathematical tasks set up by the teacher, the 
mathematical task that occupied the largest percentage of time was selected.  
Four lessons of KP, three lessons of NT and one lesson of ZG mainly focused on fractions and 
decimals. Four lessons of KP, two lessons of NT and two lessons of ZG mainly centered on comparing 
and ordering fractions; and three lessons of NT and five lessons of ZG primarily focused on equivalent 
fractions. As such, 24 lessons were included in the analysis. Related to every observed lesson, for each 
selected task as set up by the teacher, we selected the task as represented in the teacher’s guide that 
addressed the same mathematical idea. In addition, we selected two tasks as enacted through 
individual guidance provided by the teacher that also addressed the same mathematical idea as in the 
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task as set up by the teacher. As such, for each observed lesson, the underlying mathematical idea was 
the same for the task as represented in the teacher’s guide, as set up by the teacher, and as enacted 
through individual guidance provided by the teacher. This resulted in a total number of 88 tasks to be 
analyzedi.  
 
4.3. Coding 
QSR NVivo 9 was used to code the selected mathematical tasks. All video recorded lessons were 
transcribed in detail to cover the conversations between the teacher and students. Coding was based on 
these transcriptions, and the corresponding video fragment was looked at again only when the 
transcription did not provide sufficient information to make a decision. In a first phase, the 
mathematical tasks as presented in the teacher’s guide, as set up by the teacher, and as enacted through 
individual guidance provided by the teacher were selected. In a second phase, we coded the selected 
tasks. The coding scheme was based on the conceptual framework presented earlier and was tested and 
revised until we ended up with the actual coding scheme. We used one unique coding scheme for 
coding the mathematical tasks as presented in the teacher guide, as set up by the teacher, and as 
enacted through individual guidance provided by the teacher, which is in correspondence with Stein et 
al. (2007) who state that the research field would benefit from establishing common structures for 
examining both the written curriculum and the enacted curriculum.  
As a first step, the coding scheme required to describe the mathematical idea that was stressed in the 
mathematical task. Three kinds of mathematical ideas were stressed throughout all analyzed 
mathematical tasks: the relationship between fractions and decimals, the ordering and comparing of 
fractions, and equivalent fractions. The first kind of tasks included parts of lessons in which fractions 
were converted into decimals and decimals into fractions by means of Cuisenaire rods or an external 
number line, positioning fractions and decimals on a number line, and comparing fractions and 
decimals by means of area models. The second kind of tasks included lessons that focused on 
comparing and ordering fractions, either by means of a number line or by means of other 
representations. The last category of tasks included lessons that centered on finding equivalent 
fractions for a given fraction and on finding the most reduced form of a given fraction. 
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After description of the mathematical idea that was stressed in the task, the coding scheme required to 
make six decisions related to features of the mathematical task. Decisions had to be made regarding 
the inclusion of real-life objects, the collaborative venture of the task (did students need to 
cooperate?), the number of solution strategies, the number and kind of representations, whether 
representations were linked to each other or not, and the requirement for students to produce 
mathematical explanations or justifications. All fragments were coded by first author. To ensure 
coding validity, a second researcher was trained and asked to code 3 randomly selected lessons. To 
measure inter-rater reliability, Krippendorff’s alpha was calculated for each decision to be made in the 
coding scheme and ranged from .80 to 1.00 and was as such above the customary border of α ≥ .80 
(Krippendorff, 2009). This means that at least 80% of the codings were perfectly reliable whereas 20% 
at most were due to chance.  
 
5. Results 
We start this section with a description of and a reflection on one sample lesson. This will, as we 
explain in the analysis of that lesson, set out the structure and the specific approach of the analysis.  
 
5.1. A lesson on equivalent fractions 
Below, we describe a lesson in which a teacher helps her students to understand the meaning of 
equivalent fractions and to find equivalent fractions. At the moment of the lesson, students are familiar 
with the part-whole notion of fractions.  
Starting the lesson, the teacher asks her students to take their textbook, a stencil, fractions box, and 
crayons. The students are asked to put the fractions box in front of them and the rest of their materials 
aside of the desk.  
An illustration of fractions box is shown in Figure 2. The fractions box consists of a template which 
gives place to 9 units. The teacher consistently refers to each unit on the template as one cake. The box 
further consists of units and pieces of 1/2, 1/3, 1/4, 1/5, 1/6, 1/8, 1/9, and 1/10.  
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Figure 2. A student uses the fractions box to find equivalent fractions for 1/2 
 
This is how the conversation between the teacher and the students continues after the students opened 
their fractions boxes:  
T: I would like everyone to fill one cake with two halves. [The students fill one whole on their 
template with two pieces of 1/2]. 
T: Everyone now takes one half away. No we have a hole in the cake. How big is that hole? 
S: It is the fraction 1/2. [The teacher now writes 1/2 on the blackboard]. 
T: Now I would like you to fill that whole with other pieces that are all equally-sized. Once 
you’ve found one solution, you can search for other solutions because there is more than one 
solution. [The students fill the half with equally-sized pieces]. 
T: Okay, everyone now has to look at the blackboard. What did we found? [Teacher wrote 
‘1/2 = ’ on the blackboard].  
T: I wrote ‘1/2 equals’ on the blackboard because, as we mentioned earlier, the piece we filled 
in equals 1/2. 
S: 1/2 equals two pieces of 1/4. 
T: How do we write this in one fraction? 
S: 2/4 [The teacher writes this down on the blackboard: 1/2 = 2/4]. 
T: Who found something else? 
S: 1/2 equals 3/6 [Below 1/2 = 2/4, the teacher writes this down on the blackboard: 1/2 = 3/6]. 
T: Who found something else? 
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S: 1/2 equals 5/10 [Below 1/2 = 3/6, the teacher writes this down on the blackboard: 1/2 = 
5/10]. 
[The teacher points at the blackboard]. T: What can we say of those fractions? 
S: All those fractions represent the same size. 
T: Yes, it doesn’t matter if I eat 1/2 or 3/6 or 5/10 of the cake: it all represents the same size of 
the cake. All those fractions represent the same size, the same piece. We call them equivalent 
fractions. [Teacher writes the title ‘Equivalent fractions’ on the blackboard]. 
The lesson continues with a similar exercise in which students search for equivalent fractions for 1/3 
by means of their fractions box. Afterwards, the lesson continues as follows: 
T: Unfortunately, we are not always able to use our fractions box to find equivalent fractions. 
Imagine for a moment that we don’t have our fraction boxes and look at the equivalent 
fractions that are written on the blackboard. How can we find then equivalent fractions? [The 
students are given some time to think about it]. 
S: We have to multiply both numbers with a same number. 
T: Try to say it in a more scholarly way. 
S: We have to multiply both the numerator and the denominator with a same number. 
[Teacher checks if this holds for all equivalent fractions on the blackboard]. T: Actually, it is 
quite easy to find equivalent fractions! 
T: Please take all your stencil (see Figure 3).  
T: You can see several fraction strips on the stencil. Look at the first picture and tell me in 
how many pieces the first fraction strip is divided. 
S: 9. 
T: OK, next to the fraction strip, you see the fraction 6/9. I want you all to color 6/9 of the 
fraction strip. [Students color 6 of the 9 pieces of the first fraction strip; the teacher writes the 
fraction 6/9 on the blackboard]. 
T: Now, take another color, and I would like you to color in the second fraction strip a piece 
that is equally-sized as the one you colored in the fraction strip above. [Students color 4 of the 
6 pieces in the second fraction strip]. 
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Figure 3. Student uses fraction strips to find equivalent fractions for 6/9 
 
T: You can see several fraction strips on the stencil. Look at the first picture and tell me in 
how many pieces the first fraction strip is divided. 
S: 9. 
T: OK, next to the fraction strip, you see the fraction 6/9. I want you all to color 6/9 of the 
fraction strip. [Students color 6 of the 9 pieces of the first fraction strip; the teacher writes the 
fraction 6/9 on the blackboard]. 
T: Now, take another color, and I would like you to color in the second fraction strip a piece 
that is equally-sized as the one you colored in the fraction strip above. [Students color 4 of the 
6 pieces in the second fraction strip]. 
T: Now, take yet another color and color in the third fraction strip a piece that is equally-sized 
as the one you colored in the two fraction strips above. [Students color 2 of the 3 pieces in the 
third fraction strip]. 
T: What do we know of all our colored pieces? 
S: They are equal in size. 
T: OK, we still know that in the first fraction strip, we colored 6/9. Now I want you to tell me 
what piece we colored in the second fraction strip.  
T: The second fraction strip consists of how many pieces? 
S: 6 [The teacher writes the denominator 6 on the blackboard]. 
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T: How many pieces did we colored? 
S: 4 [The teacher writes the nominator 4 on the blackboard]. 
T: And what did we color in the third fraction strip? 
S: 2/3 [The teacher writes the fraction 2/3 on the blackboard]. 
T: Right. And what can we say about those three fractions? 
S: They are equivalent fractions. 
T: Right. They have the same value. Look for a moment at the fractions 6/9 and 2/3; fraction 
2/3 is the same as 2/9 but in a reduced form. We might reduce fractions; that can make it 
easier for us.  
T: How can we go from the fraction 6/9 to 2/3 
S: By dividing both the numerator and the denominator by 3. 
T: Yes, again, we see that it is important to divide both the numerator and the denominator by 
a same number. 
The lesson continues with a similar exercise. After finishing that exercise, students are asked to put the 
stencil and the fractions box aside and to take their textbook. All the fractions boxes are then collected. 
Students now have to complete exercises in which they must find equivalent fractions. Students work 
individually and in case they have problems, they raise their finger and the teacher then comes to help 
them. Below are two conversations between the teacher and students who are having difficulties.  
Conversation 1: a student isn’t able to find an equivalent fraction for ½. 
[The teacher points at the board].  
T: In order to find an equivalent fraction, we have to multiply both the numerator and the 
denominator with a same number. Let’s multiply them with 2; what do we get? 
S: 1/4. 
T: No, you multiplied only the denominator with 2; you must also multiply the numerator with 
2. 
S: 2/4. 
T: Okay. And now an equivalent fraction for 2/5… 
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Conversation 2: A student isn’t able to reduce the fractions 2/4 and 3/6.  
T: Okay, you [the neighbor of the student] also listen to what I am saying.  
[The teacher points at the blackboard]. If we want to reduce a fraction, we must always divide 
both the numerator and the denominator with a same number. Let’s divide them by 2. What do 
we get? 
S: 1/2. 
T: Okay. 
S: But 3/6 …? 
T: Yes: we always start with trying to divide them by 2. If that doesn’t work, you try to divide 
them by 3, or by 4… 
At the end of the lesson, students put their textbook aside of their desks and the textbooks are 
collected. 
 
5.2. Lesson Analysis 
After observing the lesson as outlined in the vignette, several aspects triggered our attention. There 
seemed to be two major sections in the lesson. A first section, that we described as instructional time 
comprised the learning of new content (in this case: equivalent fractions). Strongly guided by the 
teacher, during this mainly whole-class moment, students learned to use multiple representations and 
strategies to find equivalent fractions. Notably, both representations were not linked to each other: the 
students learned to find equivalent fractions by means of their fractions boxes and afterwards, they 
learned to do so by means of fraction strips, but it was not explicitly made clear that, for example, 1/2 
and 2/4 are equivalent fractions and that students might come to this solution by means of their 
fractions box and by means of the use of fraction strips. After they learned to find equivalent fractions 
by means of the fractions box and by means of fraction strips, students inductively retrieved the rule to 
find equivalent fractions. During this instructional phase, the teacher linked, though very briefly, the 
exercises with real-life situations (“Think of a half a cake, and try to fill in the other half of the cake 
with equally-sized pieces”).  
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During the second section of the lesson that we described as practice time, students practiced the 
learned content on their own and were – if they encountered problems – helped individually by the 
teacher. When the teacher helped students with problems in finding equivalent fractions, the teacher 
immediately pointed at applying the rule to find equivalent fractions without referring to helpful 
representations and other solution strategies, nor to real-life objects. Moreover, at the start of the 
practice time, all the fractions boxes were collected and removed from the desks, not allowing students 
to use these in case they might want to.  
As such, the structure of the sample lesson did not reflect a way of teaching that is considered to 
support students’ conceptual understanding: teacher-directed instruction followed by a substantial 
amount of practice of a similar set of problems completed by students on their own (Hiebert & 
Grouws, 2007; Stein et al., 1996). We also noticed a sharp decline in features that might facilitate 
students’ conceptual understanding as we move from instructional time to practice time. This 
observation suggests a differentiation in instruction. Students who remembered from instructional time 
the conceptual meaning of finding equivalent fractions might not experience problems in finding 
equivalent fractions during practice time, and might know what they were doing. Students with 
difficulties during practice time might get the impression, when the teacher helped them by 
immediately refreshing the rule and only referring to that rule in order to find equivalent fractions, that 
mathematics is about learning and applying rules rather than understanding what they are doing.  
We are interested if the picture provided by a sample lesson can be considered as a general pattern 
when teachers in Flanders teach – and students learn fractions. This is the focus of our subsequent 
analyses. We first zoomed in on the structure of all 24 observed lessons and afterwards on the features 
of all 84 analyzed mathematical tasks.  
 
5.3. Structure of the lessons: facilitating skill efficiency rather than conceptual understanding 
All the lessons started with a short introduction that mostly included the subject of the lesson and in 
which students were asked to take their materials (textbooks, pencils, …) and sometimes previous 
content was briefly refreshed. The introduction was then followed by a whole-class instruction 
moment that was strongly guided by the teacher (hereafter referred to as ‘instructional time’). 
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Typically, instructional time addressed teaching of new content, or teaching of previously learned 
content. After instruction, students usually practiced the learned content on their own and were – if 
they encountered problems – helped individually by the teacher (hereafter referred to as ‘practice 
time’). Thus, the overall picture is that pairwise or group learning during instructional and practice 
time was marginal. Lessons were closed by collecting textbooks; during two observations, closing of 
the lesson also comprised a summary of the learned content.  
Introduction ranged from 20 seconds to 11 minutes and covered on average 4% of the lesson. 
Instructional time covered all the tasks as set up by the teacher, ranged from 8 to 40 minutes and 
covered on average 49% of the total lesson duration. Coded mathematical tasks as set up by the 
teacher ranged from 6 to 40 minutes, with an average length of 20 minutes. On average the coded 
mathematical task as set up by the teacher covered 85% of the total instructional time. Practice time 
ranged from 3 to 40 minutes and covered on average 44% of the lesson. Closing ranged from 0 to 5 
minutes and covered on average 2% of the lesson. Two percent of total lesson duration was coded as 
not related to mathematics. This included moments in which a colleague of the teacher entered the 
class and had a conversation with the teacher and moments in which the teacher left the classroom. 
In two of the 24 observed lessons, there were no moments in which the teacher helped students 
struggling with mathematics; only students who knew the answer of the problems were given the 
opportunity to answer in these two whole-class lessons. Whereas this finding does not allow to state 
that students weren’t struggling with mathematics, it does suggest that mathematics was conceived as 
something you know or not, and in case you aren’t able to come up with a straightforward answer, you 
shouldn’t struggle to find one. This is important since students’ struggling with mathematics is 
considered as an important feature that facilitates students’ conceptual understanding (Hiebert & 
Grouws, 2007). 
The description of the lessons as presented above mirrored the structure of the sample lesson as 
described in the vignette and reflected a structure that did not facilitate students’ conceptual 
understanding: teacher-directed instruction with a central role for the teacher, followed by a substantial 
amount of practice of a similar set of problems completed by students individually (Hiebert & 
Grouws, 2007; Stein et al., 1996).  
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Below, we analyzed to which extent the features of the tasks as represented in the teacher’s guide, as 
set up by the teacher, and as enacted through individual guidance by the teacher to students who 
experience difficulties, facilitated students’ conceptual understanding of fractions. We reflected on 
these findings in a second reflection (see below). 
 
5.4. Task as represented in the teacher’s guide 
Table 2 gives an overview of the features of all 24 coded tasks as presented in the teacher’s guide. We 
first looked for a general pattern based on all 24 coded tasks (see column ‘Total’ in Table 2). This 
overall picture revealed mixed findings related to the presence of features that might facilitate 
students’ conceptual understanding. The majority of the tasks addressed students’ conceptual 
understanding by stressing the use of multiple solution strategies and multiple representations. 
However, the majority of tasks also stressed features that did not address students’ conceptual 
understanding: remaining in the abstract world of mathematics, the absence of a strong collaboration 
between students, and the absence of the need to justify the solution method. Almost half of the 24 
tasks suggested to link the multiple representations to each other. Given that curriculum programs are 
considered as a main source for mathematical tasks to be used by the teacher (Stein et al., 2007), we 
also made a comparison of task features based on the curriculum programs (see the columns ‘KP’, 
‘NT’, ‘ZG’ in Table 2). Tasks represented in the teacher’s guide of ZG encouraged most the 
development of conceptual understanding of fractions: all tasks referred to real-life objects whereas 
none of the tasks of KP and NT did, some tasks encouraged teachers to let students work together in 
pairs or in small groups whereas none of the tasks of KP and NT did, and all of the tasks included 
multiple strategies. Tasks of ZG also included more often multiple representations and linked 
representations more often to each other as compared to tasks as represented in NT and KP, and tasks 
of ZG also required more often justification of the solution strategies. 
Tasks of NT added more to students’ conceptual understanding of fractions than tasks of KP did: they 
included more often multiple strategies and multiple representations, and required more often 
justification of the solution strategies. Tasks of NT did not include links between the representations 
whereas KP did in 50% of the tasks.  
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Table 2. Presence of features (in percentages) of tasks as represented in the teacher's guide 
    Curriculum program   Mathematical idea     
   
KP 
(n = 8) 
NT 
(n = 8) 
ZG 
(n = 8)  
F & D 
(n = 8) 
C & O 
(n = 8) 
E. F. 
(n = 8)  
Total 
(n = 24) 
Context                 
  Abstract world of math  100 100 /  88 75 38  67 
  Real-life objects   / / 100  12 25 62  33 
Collaborative venture           
  Alone  / / /  / / /  / 
  Duo or small groups  / / 12  / 12 /  4 
  Teacher to students  100 100 88  100 88 100  96 
Solution strategies           
  Singleii  50 25 /  75 / /  25 
  Multiple  50 75 100  25 100 100  75 
Representations           
  Single  50 25 12  75 12 /  29 
  Multiple  50 75 88  25 88 100  71 
Representations - links           
  Not linked  50 100 22  100 25 38  54 
  Linked  50 / 88  / 75 62  46 
Justification           
  Not required  100 88 50  75 100 62  79 
  Required  / 12 50  25 / 38  21 
Note. KP = Kompas; NT = Nieuwe tal-rijk; ZG = Zo gezegd, zo gerekend!; ‘F & D’ = Fractions and decimals;          
‘C & O’ = Comparing and ordering fractions; ‘E. F.’ = Equivalent fractions. 
 
When we made a comparison based on the underlying mathematical idea of the coded task (see the 
columns ‘F & D’, ‘C & O’, and ‘E. F.’ in Table 2), the following picture emerges. Mathematical tasks 
that related to fractions and decimals contrasted with tasks that related to comparing and ordering 
fractions and equivalent fractions in a way that did not support the development of students’ 
conceptual understanding of fractions. All or most of the tasks that related to fractions and decimals, 
did not refer to real-life objects, did not require strong collaboration between the students, focused 
attention on one solution strategy, presented one representation, did not link representations to each 
other and did not require justification of the solution method. There were no remarkable differences 
related to comparing and ordering fractions and equivalent fractions: three features that related to 
equivalent fractions (inclusion of real-life objects, multiple representations and requirement of 
justification) and two features that related to comparing and ordering fractions (collaboration between 
students, presentation of links between the representation) were scored more in favor of supporting the 
 144 
development of students’ conceptual understanding of fractions; on one feature (inclusion of multiple 
solution strategies) they both scored the same. We now turn to features of tasks as set up by the 
teacher. 
 
5.5. Task as set up by the teacher 
Table 3 gives an overview of the features of all 24 coded tasks as set up by the teacher. Again, we first 
looked for a general pattern based on all 24 coded tasks (see column ‘Total’ in Table 3). The overall 
picture revealed a same pattern as observed in the sample lesson (see ‘5.1. A lesson on equivalent 
fractions’). The majority of the tasks addressed students’ conceptual understanding by stressing the 
use of multiple solution strategies and multiple representations. However, the majority of tasks also 
stressed features that did not address students’ conceptual understanding: all the tasks were set up in a 
way in which the teacher guides, directs and instructs the students, and as such, did not reflect strong 
collaboration between students. Most tasks did link the representations to each other and did not 
require students to justify their solution. Half of the tasks remained in the abstract world of 
mathematics.  
A comparison based on the three curriculum programs (see the columns ‘KP’, ‘NT’, ‘ZG’ in Table 3) 
again, revealed that KP added least to the development of students’ conceptual understanding of 
fractions whereas there were no straightforward differences between teachers teaching with ZG and 
NT. Tasks as set up by teachers working with KP included seldom real-life objects, seldom linked 
representations to each other, and required in most of the tasks no justification for solution strategies. 
Half of the tasks as set up by teachers working with KP focused on only one solution strategy and a 
single representation. Some features of tasks set up by teachers teaching with ZG supported more 
students’ conceptual understanding of fractions (referring to real-life objects, requirement of 
justification) as compared to NT, sometimes it was vice versa (inclusion of multiple representations 
and linking the representations to each other), and sometimes task set up by teachers teaching with ZG 
or NT they were coded equally (attention to multiple solution strategies)  
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Table 3. Presence of features (in percentages) of tasks as set up by the teacher 
    Curriculum program   Subject     
   
KP 
(n = 8) 
NT 
(n = 8) 
ZG 
(n = 8)  
F & D 
(n = 8) 
C & O 
(n = 8) 
E. F. 
(n = 8)  
Total 
(n = 24) 
Context                 
  Abstract world of math  62 75 12  88 38 25  50 
  Real-life objects   38 25 88  12 62 75  50 
Collaborative venture           
  Alone  / / /  / / /  / 
  Duo or small groups  / / /  / / /  / 
  Teacher to students  100 100 100  100 100 100  100 
Solution strategies           
  Single  50 25 25  88 / 12  33 
  Multiple  50 75 75  23 100 88  67 
Representations           
  Single  50 / 12  62 / /  21 
  Multiple  50 100 88  38 100 100  79 
Representations - links           
  Not linked  88 50 88  88 50 88  75 
  Linked  12 50 12  12 50 12  25 
Justification           
  Not required  62 62 50  75 50 50  58 
  Required  38 38 50  25 50 50  42 
Note. KP = Kompas; NT = Nieuwe tal-rijk; ZG = Zo gezegd, zo gerekend!; ‘F & D’ = Fractions and decimals;          
‘C & O’ = Comparing and ordering fractions; ‘E. F.’ = Equivalent fractions. 
 
When we made a comparison based on the underlying mathematical idea of the coded task (see the 
columns ‘F & D’, ‘C & O’, and ‘E. F.’ in Table 3), a similar picture as in the previous section (5.4. 
Task as represented in the teacher’s guide) emerged. Mathematical tasks that related to fractions and 
decimals contrasted with tasks that related to comparing and ordering fractions and equivalent 
fractions in a way that did not support the development of students’ conceptual understanding of 
fractions. In most of the tasks that related to fractions and decimals, there was no link to real-life 
objects, only one solution strategy was stressed, no multiple representations were included, tasks were 
not linked, and tasks did not require students to justify their solution method. Again, there were no 
straightforward differences related to comparing and ordering fractions and equivalent fractions: two 
features of tasks that related to comparing and ordering fractions (inclusion of multiple solution 
strategies and linking representations to each other) and one feature of tasks that related to equivalent 
fractions (inclusion of real-life objects) were scored more in favor of supporting the development of 
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students’ conceptual understanding of fractions, for two features ( inclusion of multiple 
representations, requirement of justification) tasks that related to comparing and ordering fractions and 
equivalent fractions both scored the same.  
 
5.6. Task as enacted through individual guidance provided by the teacher to students with 
difficulties 
Table 4 gives an overview of the features of all 40 coded tasks as enacted through individual guidance 
provided by the teacher to students with difficulties. Again, we first looked for a general pattern based 
on all 40 coded tasks (see column ‘Total’ in Table 4).  
Table 4. Presence of features (in percentages) of tasks as enacted through individual guidance by the 
teacher 
    Curriculum program   Subject     
   
KP 
(n = 11) 
NT 
(n = 12) 
ZG 
(n = 17)  
F & D 
(n = 12) 
C & O 
(n = 11) 
E. F. 
(n = 17)  
Total 
(n = 40) 
Context                 
  Abstract world of math  82 100 82  100 73 88  87 
  Real-life objects   18 / 18  / 27 12  13 
Collaborative venture           
  Alone  91 100 53  75 82 76  78 
  Duo or small groups  / / 6  8 / /  2 
  Teacher to students  9 / 41  17 18 24  20 
Sollution strategies           
  Single  82 75 59  92 64 59  70 
  Multiple  18 25 41  8 36 41  30 
Representations           
  Single  82 83 88  92 88 82  85 
  Multiple  18 17 12  8 18 18  15 
Representations - links           
  Not linked  91 83 100  100 91 88  92 
  Linked  9 17 /  / 9 12  8 
Justification           
  Not required  91 100 94  100 91 94  95 
  Required  9 / 6  / 9 6  5 
Note. KP = Kompas; NT = Nieuwe tal-rijk; ZG = Zo gezegd, zo gerekend!; ‘F & D’ = Fractions and decimals;          
‘C & O’ = Comparing and ordering fractions; ‘E. F.’ = Equivalent fractions. 
 
The overall picture revealed a same pattern as observed in the sample lesson (see ‘5.1. A lesson on 
equivalent fractions’). The results revealed that a majority of tasks required students to work on their 
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own, remained in the abstract world of mathematics, focused on a single solution strategy and a single 
representation, did not link representations to each other, and did not require students to justify their 
answer.  
A comparison based on the three curriculum programs (see the columns ‘KP’, ‘NT’, ‘ZG’ in Table 4) 
revealed an absence of straightforward differences. Tasks as enacted through individual guidance by 
teachers working with KP, NT, or ZG reflected to an equally high extent features that did not facilitate 
students’ conceptual understanding of fractions: most tasks from either KP, NT, or ZG did not refer to 
real-life objects, required students to work on their own, focused attention on one solution strategy and 
one representation, did not link representations to each other, and did not require students to justify 
their solution method. When we made a comparison based on the underlying mathematical idea of the 
coded task (see the columns ‘F & D’, ‘C & O’, and ‘E. F.’ in Table 4), a similar picture as in the 
previous sections (‘5.4. Task as represented in the teacher’s guide’ and ‘5.5. Task as set up by the 
teacher’) emerged. Once again, mathematical tasks that related to fractions and decimals contrasted 
with tasks that related to comparing and ordering fractions and equivalent fractions in a way that 
support to a lesser extent the development of students’ conceptual understanding of fractions. It should 
be stated however, that also for mathematical tasks that relate to comparing and ordering fractions and 
equivalent fractions, presence of features that might facilitate students’ conceptual understanding was 
low. In most or all of the tasks that related to fractions and decimals, there was no link to real-life 
objects, one solution strategy and one representation was stressed, representations were not linked to 
each other, and justification of solution method was not required. Again, there were no straightforward 
differences for tasks related to comparing fractions and equivalent fractions. Whereas tasks that relate 
to comparing and ordering fractions did include real-life objects to a slightly higher degree, in general, 
tasks that relate to comparing fractions and equivalent fractions did score similar for inclusion of 
multiple strategies, multiple representations, linking the representations to each other, and requirement 
of justification.  
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5.7. Second reflection 
This second reflection, a reflection based on all observed lessons, confirmed the findings of a first 
reflection based on a sample lesson. The structure of the lessons that we observed, mirrored the lesson 
structure that scholars describe as focusing on students’ skill efficiency (Hiebert & Grouws, 2007; 
Stein et al., 1996). An analysis of the features of the 84 tasks that were included in the study also 
confirmed the outcomes of the first reflection: some features of the tasks as set up by the teacher 
supported students’ conceptual understanding of fractions (focus on multiple solution strategies and 
multiple representations), others (remaining in the abstract world of mathematics, absence of strong 
collaboration between students, not linking representations to each other, mostly not requiring 
justification of the solution method) did not. This finding suggests that only part of the features that 
are considered to facilitate students’ conceptual understanding are present in lessons related to 
teaching fractions.  
A major distinguishing aspect regarding the task features of mathematical tasks, was the mathematical 
idea that was stressed in the task: tasks that related to fractions and decimals were consistently coded 
as less supporting students’ conceptual understanding as compared to tasks that related to comparing 
and ordering fractions, and equivalent fractions. We observed this throughout the observations for 
tasks as presented in the teacher’s guide, tasks as set up by the teacher, and tasks as enacted through 
guidance provided by the teacher to students with difficulties. This finding suggests a differentiation 
of instruction based on the mathematical idea that is the focus of the task.  
Furthermore, the results revealed differences in task features related to the three curriculum programs 
(KP, NT, ZG) and the mathematical ideas that were stressed in the mathematical tasks (fractions and 
decimals, comparing and ordering fractions, equivalent fractions). Although there was to some extent 
an overlap between the curriculum programs and the mathematical ideas that were stressed (see ‘4.2. 
Sampling procedure’), we did notice trends that we want to report on. KP contrasted with ZG and NT 
in a way that did not favor students’ conceptual understanding for tasks as presented in the teacher’s 
guide and tasks as set up by the teacher, but this difference melted away when instruction moved to 
task as enacted by through individual guidance provided by the teacher. This finding points at two 
points of attention. First, it confirmed the suggestion that curriculum programs are a main source of 
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the mathematical tasks as set up by the teacher (Stein et al., 2007). Second, it revealed that this did not 
hold when the teacher helps struggling students individually.  
The analysis of tasks as presented in the teacher’s guide, as set up by the teacher, and as enacted 
through individual guidance by the teacher revealed that the features of tasks as set up by the teacher 
resembled the features of tasks as presented in the teacher’s guide. This was not the case regarding the 
features of tasks set up by the teacher and tasks as enacted through individual guidance by the teacher. 
To study this more deeply, we analyzed the specific transition of a task moving from presented in the 
teacher guide to set up by the teacher to enacted through individual guidance provided by the teacher. 
We did so by focusing on features related to the task’s context, solution strategies an representations. 
This is the focus in the next section. 
 
5.8. Change of features as instruction moves from tasks as represented in the teacher’s guide to 
how they are set up in the classroom, to how they are enacted through individual guidance 
provided by the teacher 
In order to analyze the extent to which task features change as instruction unfolds from tasks as 
represented in the teacher’s guide to how they are set up by the teacher, to how they are enacted 
through the individual assistance provided by the teacher to students who experienced difficulties, two 
matrices were generated. A first matrix captured consistency in transition from tasks as presented in 
the teacher’s guide to the tasks as set up by the teacher. The row headings listed the codes assigned to 
the tasks as represented in the teacher’s guide and the column headings listed the codes for the 
corresponding tasks as set up by the teacher. The second matrix captured consistency in transition 
from tasks as set up by the teacher to the tasks as enacted through individual guidance provided by the 
teacher. The row headings listed the codes assigned to the tasks as set up by the teacher and the 
column headings listed the codes for the corresponding tasks as enacted through individual guidance 
by the teacher. Each cell contained the corresponding percentage and frequency. Percentages on the 
diagonals of the matrices represented consistency between (a) the tasks as presented in the teacher’s 
guide and corresponding tasks as set up by the teacher (matrix 1) and (b) tasks as set up by the teacher 
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and corresponding tasks as enacted through individual guidance by the teacher (matrix 2). Off-
diagonal cells represented inconsistencies. 
Matrix 1 revealed a high level of consistency between the tasks as presented in the teacher’s guide and 
the corresponding tasks as set up by the teacher: percentages on the diagonal ranged from 69% to 
100%. For example, 83% of all the tasks as presented in the teacher’s guide that were coded as 
stressing multiple solution strategies were also set up by the teacher in a way that made appeal to 
multiple solution strategies.  
Table 5. Matrix 1: transition from tasks as presented in the teacher’s guide to the tasks as set up by the 
teacher 
 
 Task as set up during instruction 
 
 
Solution strategies 
 
Representations  Context 
Task as represented in 
teacher guide 
 Single Multiple  Single  Multiple  Abstract Real-life 
objects 
Solution strategies          
Single 
   (n = 6) 
 
83% (5) 17% (1)       
Multiple 
   (n = 18) 
 17% (3) 83% (15)       
Representations          
Single 
   (n = 7) 
    71% (5) 29 (2)    
Multiple 
   (n = 17) 
    0 100% (17)    
Context          
Abstract 
   (n = 16) 
      
 
69% (11) 31% (5) 
Real-life objects 
   (n = 8) 
       13% (1) 87% (7) 
 
Matrix 2 revealed a different pattern as compared to the pattern observed in matrix 1. Percentages on 
the diagonal were high for task features that did not support students’ conceptual understanding of 
fractions: remaining in the abstract world of mathematics, focus on one solution strategy and one 
representation. For example, 90% of all the tasks that were set up by the teacher in a way that focused 
on a single representation, were also enacted through individual guidance by the teacher in a way that 
focused on a single representation. This reveals a consistency between tasks as set up by the teacher 
and the corresponding tasks as enacted through individual guidance by the teacher regarding features 
that did not support students’ conceptual understanding of fractions. 
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Table 6. Matrix 2: transition from tasks as set up by the teacher to the tasks as enacted through individual 
guidance provided by the teacher 
 
 Task as enacted through individual guidance provided by the teacher 
 
 
Solution strategies 
 
Representations  Context 
Task as set up during 
instruction 
 Single Multiple  Single Multiple  Abstract Real-life 
objects 
Solution strategies          
Single 
   (n = 14) 
 
86% (12) 14% (2)       
Multiple 
   (n = 26) 
 62% (16) 38% (10)       
Representations          
Single 
   (n = 10) 
    90% (9) 10% (1)    
Multiple 
   (n = 30) 
    83% (25) 17% (5)    
Context 
         
Abstract 
   (n = 18) 
      
 
100% (18) 0 
Real-life objects 
   (n = 22) 
       77% (17) 23% (5) 
 
Percentages on the off-diagonal cells were high for features that might facilitate students’ conceptual 
understanding of fractions. For example, 83% of all the tasks that were set up by the teacher in a way 
that focused on multiple representations, were however enacted through individual guidance by the 
teacher in a way that focused on a single representation. This reveals an inconsistency between tasks 
as set up by the teacher and the corresponding tasks as enacted through individual guidance by the 
teacher regarding features that support students’ conceptual understanding of fractions. 
These findings, related to the teaching of fractions, confirmed that lower demanding tasks are more 
likely to retain their character whereas higher demanding tasks are more likely not to retain their 
character (Hiebert et al., 2003; Stein et al., 1996).  
 
6. Discussion 
6.1. Implications for practice 
Despite the worldwide adoption of standards that stress the importance of teaching mathematics for 
conceptual understanding (Bergqvist & Bergqvist, 2011; Lloyd et al., 2009; NCTM, 2000; 
Verschaffel, 2004), the present study’s findings suggested that teachers in Flanders teach fractions in a 
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way that does support students’ procedural understanding rather than their conceptual understanding 
of fractions. The structure of the lessons still mirrored the structure of lessons from typical 
mathematics classrooms before the adoption of the standards (Porter, 1989; Stodolsky, 1988) and the 
majority of mathematical tasks possessed both features that might facilitate (focus on multiple solution 
strategies and multiple representations) and features that might not facilitate students’ conceptual 
knowledge of fractions (remaining in the abstract world of mathematics, absence of strong 
collaboration between students, not linking representations to each other, absence of requirement of 
justification of the solution method). Furthermore, we noticed a sharp decline in features that related to 
students’ conceptual understanding as instruction moved to individual guidance provided by the 
teacher. In this respect, our findings corroborate prior research that maintenance of demanding features 
is difficult (Hiebert et al., 2003; Stein et al., 1996) also in the teaching of fractions. It also illustrates 
that the problem of maintenance of demanding features remains a persistent problem. This finding 
underlines the quest of Stein et al. (1996) for staff development efforts that aim to help teachers to 
implement tasks in a way that fosters students’ conceptual understanding of mathematics in general 
and fractions in particular. In addition, since the findings also revealed that mathematical tasks that 
related to fractions and decimals were consistently coded as less supporting students’ conceptual 
understanding as compared to tasks that related to comparing and ordering fractions and equivalent 
fractions, curriculum developers, teachers, and staff development efforts might, within their focus on 
teaching fractions for conceptual understanding, target especially the link between fractions and 
decimals. 
 
6.2. Implications for research 
The coding scheme and the conceptual framework on which the coding scheme was based, proved to 
be useful to cope with the complex nature of teaching. Moreover, the definition of mathematical tasks 
as broad units of analysis also helped to gain insight in the teaching of fractions. The distinction 
between tasks as presented in the teacher’s guide, tasks as set up during instruction, and tasks as 
enacted through individual guidance by the teacher was also useful since it helped to describe the 
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process of instruction as it unfolds in the class. This might encourage future research to apply the 
conceptual framework used in this study, and to focus on mathematical tasks as units of analysis. 
The findings of the current study have implications for studies that aim to respond to the quest for 
more studies related to alternative ways of teaching fractions (Lamon, 2007; Siegler et al., 2010). 
Related studies might target the current prevailing structure of the lessons in which students during 
practice applied the rules as presented by the teacher during instruction. Given the many links of 
fractions with everyday life, research might focus on alternatives that address learning fractions while 
doing activities that require them to conjecture, justify, interpret, work together, link representations to 
each other, etc.  
Since the results pointed that the orientation toward conceptual understanding differed based on 
whether the mathematical task was related to fractions and decimals, comparing and ordering 
fractions, and equivalent fractions, studies that aim to target alternative ways of teaching fractions 
might also pay considerable attention to teaching that aims to help students to understand the links 
between fractions and decimals.  
Whereas Stein et al. (2007) asked for studies that addressed the whole curriculum chain (written, 
intended, enacted curriculum, and student learning), the current study addressed the written and 
enacted curriculum since the written, and especially the enacted curriculum is found to impact 
students’ learning (Carpenter & Fennema, 1988; Stein et al., 2007; Wittrock, 1986). The assistance 
provided by the teacher to students who are struggling is considered to be a mediating variable 
between the task as set up by the teacher and the task as implemented by the students (Stein et al., 
1996) and was also addressed in this study. However, we did not control for other variables between 
the different phases of the curriculum chain as depicted in the conceptual framework. Other studies 
might include these variables, the intended curriculum and students’ performance in the analysis.  
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i
 For 18 of the 24 selected tasks as set up by the teacher, two tasks as enacted through individual guidance 
provided by the teacher to students experiencing difficulties were selected. For five lessons, we could not select 
two tasks as enacted through individual guidance provided by the teacher, because instruction took the major 
time of the lesson and practice was too short to allow for selecting two tasks. In one lesson, we selected three 
tasks as enacted through individual guidance provided by the teacher in order to cover to whole range of tasks as 
enacted through individual guidance provided by the teacher to students experiencing difficulties. 
 
ii
 A single representation refers to either a single symbol representation or a single nonsymbolic representation. 
A single symbol representations refers to a representation that is entirely composed of numerals, mathematical 
symbols, mathematical notation. A single nonsymbolic representation refers to a representation that incorporates 
both a symbol and a nonsymbol (e.g., manipulative, picture). 
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Chapter 6 
 
General discussion and conclusion 
 
1. Problem statement 
In the introduction of this dissertation we described gaps related to the research field of fractions. We 
stated that fractions are considered a critical (Kilpatrick, Swafford, & Findell, 2001; Kloosterman, 
2010; NCTM, 2007; Siegler et al., 2010; Van de Walle, 2010), but difficult subject for students to 
learn (Akpinar & Hartley, 1996; Behr, Wachsmuth, Post, & Lesh, 1984; Bulgar, 2003; Hecht, Close, 
& Santisi, 2003; Lamon, 2007; Newton, 2008; Siegler et al., 2010). Worldwide, students experience 
difficulties when learning fractions. The range of studies over the past years revealed that this 
problem is persistent. This also appears to be the case in Flanders, as two sample surveys, 
administered respectively in 2002 and 2009, revealed that on both measurement occasions, only 64% 
of the last-year Flemish elementary school students mastered the attainment targets – minimum goals 
that all students should master at the end of elementary school, approved by the Flemish Government 
– related to fractions and decimals. This finding, in addition to the outcomes of the study that we 
reported on in Chapter 2, constitutes the basis for the focus on fractions in the present dissertation.  
We further pointed at the need for more studies focusing on preservice and inservice teachers’ 
knowledge of fractions (Moseley, Okamoto, & Ishida, 2007; Newton, 2008). Given that teacher 
education is considered to be crucial for teachers to develop a deep understanding of fractions (Borko 
et al., 1992; Ma, 1999; Newton, 2008; Toluk-Ucar, 2009; Zhou, Peverly, & Xin, 2006), and that a 
major concern related to increasing the mathematics standards expected of students should be 
teachers’ preparation to address these standards (Jacobbe, 2012; Kilpatrick et al., 2001; Siegler et al., 
2010; Stigler & Hiebert, 1999; Zhou et al., 2006), we analyzed Flemish preservice teachers’ 
knowledge of fractions in Chapter 4 of this dissertation.  
Finally, we discussed a growing body of research related to fractions that explicitly focuses on the 
teaching of fractions (Lamon, 2007; Siegler et al., 2010). The importance of studying actual teaching 
is also stressed in research related to teachers’ use of curriculum materials, placing the teacher as a 
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central actor in the process of transforming the written curriculum (Lloyd, Remillard, & Herbel-
Eisenman, 2009; Stein, Remillard, & Smith, 2007). Related research describes a curriculum chain that 
comprises a written, an intended, an enacted curriculum, and mediating factors between these phases 
(Stein et al., 2007). In Chapter 3 we focus on one such mediating variable, namely teachers’ views of 
curriculum programs and in Chapter 5, we zoom in on how teachers in Flanders teach fractions. 
 
2. Research objectives 
The initial aim of the dissertation was to set up research on mathematical difficulties. Based on the 
outcomes of Chapter 2, where we explored mathematical difficulties as reported by the teachers, we 
decided to focus on fractions and to analyze teachers’ views of curriculum programs more in-depth. In 
this respect, the general aim of the dissertation – that resulted from our decision to focus on fractions 
– was to analyze preservice teachers’ knowledge of fractions and to analyze how fractions are taught 
in Flanders. In Chapter 1, four research objectives were introduced related to the aims of the 
dissertation. These research objectives were addressed in the empirical studies reported in Chapter 2 
to 5. 
RO 1.  Analysis of the prevalence of mathematical difficulties in elementary education as 
reflected in teacher ratings 
RO 2.  Analysis of teachers’ views of curriculum programs 
RO 3.  Analysis of preservice teachers’ knowledge of fractions 
RO 4.  Analysis of the teaching of fractions 
In Chapter 2 we reported on an exploratory study set up to gain insight in mathematical difficulties as 
reported by the teacher. The main focus of this study was related to difficulties inherent to 
mathematics and enabled us to present a grade-specific overview of difficult subjects in the 
mathematics curriculum (RO 1). In addition, we also focused on difficulties that stemmed from the 
curriculum programs. We elaborated on this in Chapter 3, where we studied teachers’ views of 
curriculum programs (RO 2). In Chapter 4 we studied Flemish preservice teachers’ common content 
and specialized content knowledge of fractions (RO 3). Finally, in Chapter 5 we analyzed to which 
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extent elementary school teachers in Flanders were teaching fractions for conceptual understanding 
(RO 4) by means of an observational study.  
 
2.1. RO 1. Analysis of the prevalence of mathematical difficulties in elementary school as 
reflected in teacher ratings 
This exploratory study aimed to provide insight in mathematical difficulties (a) inherent to 
mathematics and as such, difficult for students to learn and (b) related to the curriculum program, as 
reported by the teachers on a 5-point Likert scale. Data were collected by means of three grade-
specific questionnaires. We developed these questionnaires based on the three predominant curricula 
in Flemish elementary education. In total, 918 teachers of 243 schools completed the questionnaires. 
We used quantitative research techniques to analyze the data. 
 
Main findings 
The findings revealed that some subjects were reported by the teachers to be difficult in every grade in 
which the subject was listed in the curriculum, namely fractions (1st to 6th grade), divisions (1st to 6th 
grade), numerical proportions (3rd to 6th grade), scale (5th to 6th grade) and almost every problem 
solving item (1st to 6th grade). Items that were considered to be difficult in at least half of the grades in 
which the subject was listed in the curriculum were estimation (4th – 6th grade), long divisions (5th and 
6th grade), length (2nd to 4th grade), content (1st, 2nd, 3rd, 5th, 6th grade), area (4th and 5th grade), time (1st 
to 5th grade), and the metric system (5th grade).  
Furthermore, it was established that the proportion difficult subjects was the highest in the second 
grade, followed by the first, fifth, fourth, third, and sixth grade. The proportion difficult subjects 
ranged from 23% to 49%, which let us conclude that, in general, mathematics is a difficult area to 
learn for elementary school students.  
Thirdly, as we asked the teachers to report on the applied curriculum program, we were able to 
present an overview of the frequently used curriculum programs in Flanders. Five curriculum 
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programs7 were used by 89% of the respondents: ‘Eurobasis’ (27%), ‘Zo gezegd, zo gerekend!’ 
(25%), ‘Kompas’ (15%), ‘Nieuwe Tal-rijk’ (12%) and ‘Pluspunt’ (10%). 
Finally, with regard to the reported difficulties related to the curriculum program, the findings 
suggested differences between the curriculum programs. This is more deeply analyzed in Chapter 3. 
 
Strengths, limitations, implications 
A major strength of the study is the strong inclusion of teachers’ perspective which is – 
notwithstanding the prevailing extended view on teacher professionalism – exceptional rather than 
standard (Bryant et al., 2008). However, within the strong focus on the teachers’ perspective, we did 
not analyze important aspects such as teachers’ practices and students’ outcomes (Correa, Perry, 
Sims, Miller, & Fang, 2008; Pajares, 1992; Phillipp, 2007; Staub & Stern, 2002). Future research 
could therefore apply a more integrated approach and combine teacher knowledge, teacher practices, 
and student outcomes in one single study.  
As reported, we used quantitative techniques to analyze the data. Given the large sample size, this was 
helpful to provide a general picture. A qualitative research approach, however, could complement this 
study by going more deeply into it. Instead of merely collecting teacher ratings of difficulties for 
students, teachers can also be asked to make this explicit and to illustrate what exactly causes the 
difficulties.  
This study was exploratory in nature and its implications related primarily to the upset of the 
dissertation. A first implication was related to the subject of this dissertation. As fractions were 
consistently reported by the teachers as being difficult for their students, and as students’ performance 
results reveal the same pattern (Ministry of the Flemish Community Department of Education and 
Training, 2004, 2010), we decided to focus further on fractions in Chapter 3 and Chapter 4. Secondly, 
we also decided to go more deeply into the difficulties related to the curriculum program; this is done 
                                                     
7
 Kompas is an updated version of Eurobasis. At the moment this study was set up, no version was yet available 
of Kompas for 4th, 5th and 6th grade. 
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in Chapter 3 where we used the related teacher ratings as an indicator of their views toward 
curriculum programs.  
 
2.2. RO 2. Analysis of teachers’ views of curriculum programs 
Based on the outcomes in Chapter 2, we decided to analyze the teacher ratings of their curriculum 
programs more deeply in Chapter 3. In this study, we used teacher ratings as a measure for their views 
toward curriculum programs. A subsample of Chapter 2 was included in this study (n = 814): only 
teachers working with one of the five most frequently used curriculum programs were included in the 
study.  
Research stresses the importance of variables mediating between the written, the intended, and the 
enacted curriculum (Atkin, 1998; Christou, Eliophotou-Menon, & Philippou, 2004; Macnab, 2003; 
Stein et al., 2007). Teachers’ orientations toward curriculum are regarded as such a mediating 
variable. These orientations influence how teachers engage with the materials and use them in 
teaching (Remillard & Bryans, 2004). Teachers’ orientations toward curriculum reflect teachers’ ideas 
about mathematics teaching and learning, teachers’ views of curriculum materials in general, and 
teachers’ views of the particular curriculum they are working with. Whereas research pointed out that 
the unique combination of these ideas and views of teachers (i.e., their orientations toward 
curriculum) influences the way they use the curriculum, the study also revealed that the ideas about 
mathematics teaching and learning and views of curriculum materials in general and of the particular 
curriculum they are working with on their own also proved to be a mediating variable (Remillard & 
Bryans, 2004). In addition to the study of teachers’ views (n = 814), we also studied in a subsample of 
the teachers (n = 89) whether or not the performance results of their students (n = 1579) differed 
significantly based on the curriculum programs used in the classroom. This enabled us to analyze 
whether differences in teachers’ views of curriculum programs are related to differences in students’ 
performance results or not. 
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Main findings 
The results revealed significant differences in teachers’ views of curriculum programs, based on the 
curriculum program used in class. We observed clear patterns in teachers’ views of curriculum 
programs. Teachers’ views of curriculum programs were more positive in case the curriculum 
programs address one content domain of mathematics (numbers and calculations, measurement, 
geometry) per lesson and provide more support for the teachers, such as providing additional 
materials, a more detailed description of the course, additional didactical suggestions, and theoretical 
background knowledge about mathematics. Whereas we were not able to control for other variables, 
the results suggested that curriculum programs matter with regard to teachers’ views of curriculum 
programs.  
The study further revealed that students’ performance results did not vary significantly based on the 
curriculum program used in class. This underlines the fact that teachers’ views of curriculum 
programs is but one mediating variable and that in addition, it would be useful to include other 
mediating variables in the analysis, such as teachers’ beliefs about mathematics teaching and learning, 
teachers’ views of curriculum materials in general, teachers’ knowledge, teachers’ professional 
identity, teacher professional communities, organizational and policy contexts, and classroom 
structures and norms (Remillard & Bryans, 2004; Stein et al., 2007). 
 
Strengths, limitations, implications 
To our knowledge no previous studies combined an analysis of teachers’ views of curriculum 
programs and related these to students’ performance results on such a large scale. Whereas this 
approach enabled us to look for differences in teachers’ views that are most likely not based on 
coincidence, the large-scale study also limited the grain size to study teachers’ views. Further, though 
the sampling approach helped to involve a large set of respondents, it was not based on random 
selection (the project was announced through different media and if teachers showed interest, they 
were contacted by the researcher). As such, we were not able to counter a potential sampling bias in 
the study, including teachers who already developed clear and explicit views of curriculum programs. 
Thirdly, given that this study was part of a larger research project that centered on mathematical 
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difficulties, we analyzed teachers’ views of curriculum programs by building on their experiences 
with the curriculum programs and by focusing on learning difficulties related to the curriculum 
programs. Future studies might shift the focus on the strengths of curriculum programs instead of 
focusing on the weaknesses.  
The observation of a discrepancy between teachers’ views and students’ performance results stressed 
the need for observational studies about the way teachers actually implement curriculum programs. 
Observational studies could reveal if teachers are compensating for anticipated difficulties related to 
curriculum programs. In line with this implication, we included an observational study related to the 
teaching of fractions in Chapter 5. 
 
2.3. RO 3. Analysis of preservice teachers’ knowledge of fractions 
Building on the work of Shulman and colleagues (Shulman, 1986a, 1987; Wilson, Shulman, & 
Richert, 1987), Ball, Hill and colleagues (Ball, Thames, & Phelps, 2008; Hill & Ball, 2009; Hill, Ball, 
& Schilling, 2008) analyzed the mathematical knowledge needed to teach mathematics. Their findings 
pointed at two domains of content knowledge: common content knowledge and specialized content 
knowledge. Common content knowledge refers to knowledge that is not unique to teaching. Teachers 
need to be able to multiply two fractions, but also in other professions this kind of knowledge is 
needed. This kind of knowledge plays a crucial role in the planning and carrying out of instruction 
(Ball et al., 2008) and is still considered to be a cornerstone of teaching for proficiency (Kilpatrick et 
al., 2001). Specialized content knowledge refers to the mathematical knowledge and skill unique to 
teaching (Ball et al., 2008). For instance, teachers must be able to explain why you multiply both the 
numerators and denominators when multiplying fractions, whereas for others it is sufficient to be able 
to perform the multiplication without being able to explain the rationale behind the rule. In their 
study, Ball et al. (2008) were surprised about the important presence of teachers’ specialized content 
knowledge. In this study, we analyzed preservice teachers’ content knowledge of fractions. 
One approach to investigate what effective teaching requires in terms of content knowledge, is 
reviewing studies related to students’ understanding to determine the mathematics difficulties 
encountered by students (Ball et al., 2008; Stylianides & Ball, 2004). Therefore, in this study we 
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began by reviewing  literature related to students’ knowledge of fractions. The review revealed a gap 
between students’ procedural and conceptual knowledge of fractions (Aksu, 1997; Bulgar, 2003; Post, 
Cramer, Behr, Lesh, & Harel, 1993; Prediger, 2008), resulting in a rather instrumental understanding 
of the procedures (Aksu, 1997; Hecht et al., 2003; Prediger, 2008). Regarding the conceptual 
understanding of fractions, research pointed at a multifaceted nature of fractions (Baroody & Hume, 
1991; Cramer, Post, & delMas, 2002; English & Halford, 1995; Grégoire & Meert, 2005; Kilpatrick et 
al., 2001) and distinguished five sub-constructs to be mastered by students in order to develop a full 
understanding of fractions (Charalambous & Pitta-Pantazi, 2007; Hackenberg, 2010; Kieren, 1993; 
Kilpatrick et al., 2001; Lamon, 1999; Moseley et al., 2007). Related sudies showed that students were 
most successful in assignments regarding the part-whole sub-construct, and that in general, they had 
too less knowledge of the other sub-constructs; especially knowledge regarding the measure sub-
construct seemed to be lacking (Charalambous & Pitta-Pantazi, 2007; Clarke, Roche, & Mitchell, 
2007; Hannula, 2003; Martinie, 2007).  
In the present study, we centered on 184 first-year and 106 last-year preservice teachers’ common 
content knowledge as measured by their conceptual and procedural knowledge of fractions on the one 
hand and on preservice teachers specialized content knowledge as measured by their skill in 
explaining the underlying rationale on the other hand. 
 
Main findings 
Preservice teachers’ average score for the fractions test was .81 (maximum = 1.00). As the test items 
were retrieved either from previous tests to measure students’ knowledge of fractions or from 
exercises in mathematics textbooks for students, we concluded that this is not sufficient to teach these 
contents. This is an important finding given that the Flemish Government stresses that preservice 
teachers should master at least the attainment targets of elementary education (Ministry of the Flemish 
Community Department of Education and Training, 2007). This is also an interesting finding given 
that research found that this kind of knowledge (i.e., common content knowledge) is important for the 
planning and carrying out of instruction (Ball et al., 2008). The findings further revealed that 
preservice teachers’ knowledge of fractions mirrored largely students’ knowledge of fractions.  
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The average score of preservice teachers’ specialized content knowledge was only .42 (maximum = 
2.00). This can be considered to be a low score, that questions preservice teachers’ specialized content 
knowledge level. This is an interesting finding because research points at the differential impact of 
teachers who have this kind of deeper understanding of the subject (Hattie, 2009). Furthermore, we 
did not observe significant differences regarding first-year and last-year preservice teachers’ common 
content and specialized content knowledge. Analysis of the fractions-related curriculum in teacher 
education learned that this is hardly surprising, because only a limited proportion of teaching time in 
teacher education was spent on fractions. 
 
Strengths, limitations, implications 
Research suggests that preservice teachers’ knowledge of fractions mirrors similar misconceptions as 
revealed by research of elementary school students’ knowledge of fractions (Newton, 2008; Silver, 
1986; Tirosh, 2000). However, previous studies (e.g. Cai & Wang, 2006; Isiksal & Cakiroglu, 2011; 
Izsak, 2008; Moseley et al., 2007; Newton, 2008) were too narrow in scope to analyze the difficulties 
that were presented in our overview of students’ understanding of fractions. Therefore, in the current 
study, we addressed both preservice teachers’ procedural and conceptual knowledge (i.e. their 
common content knowledge). Conceptual knowledge comprised knowledge of the five sub-
constructs: part-whole, ratio, division, operator, and number. As research also stressed the importance 
of teachers’ specialized content knowledge (Ball et al., 2008), we also included this aspect in the 
current study. Furthermore, inclusion of both first-year and last-year preservice teachers made it 
possible to analyze to some extent the role of teacher education in this respect.  
The study applied a cross-sectional design, which was useful regarding the data collection. A major 
drawback is that we were not able to control for differences between both groups of respondents 
(first-year and third-year preservice teachers). A longitudinal study could tackle this limitation.  
As to the implications of the study, the finding that preservice teachers’ common and specialized 
content knowledge were limited and that preservice teachers’ common content knowledge mirrored 
students’ knowledge of fractions suggested that, indeed, attempts to augment (preservice) teachers’ 
knowledge might be a fruitful way to increase the mathematics standards expected of students 
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(Jacobbe, 2012; Kilpatrick et al., 2001; Stigler & Hiebert, 1999; Zhou et al., 2006). A second 
implication relates to the fact that fractions, known to be an important yet difficult subject for students 
(Akpinar & Hartley, 1996; Behr et al., 1984; Bulgar, 2003; Hecht et al., 2003; Kilpatrick et al., 2001; 
Kloosterman, 2010; Lamon, 2007; NCTM, 2007; Newton, 2008; Siegler et al., 2010; Van de Walle, 
2010), represented only a very small proportion of the curriculum in teacher education. Given that 
fractions are only one of the many subjects, one can doubt whether it is feasible to prepare preservice 
teachers to teach every subject in elementary education. A practical alternative, as suggested by the 
National Mathematics Advisory Panel (2008), might be to focus on fewer teachers who are 
specialized in teaching elementary mathematics. Another option is to extend teacher education, but, 
simply increasing the number of lessons in teacher education that focus on fractions would be 
insufficient; preservice teachers should be provided with mathematical knowledge useful to teaching 
well (Kilpatrick et al., 2001). Teacher education programs could then pay considerable attention to the 
aspects that constitute teachers’ mathematical knowledge for teaching (Ball et al., 2008; Hill & Ball, 
2009; Hill, Ball, et al., 2008). Finally, the outcomes of the study relate to teacher education in general. 
It suggests that the move from teacher “training” to teacher “education”, initiated in the 1980s 
(Verloop, Van Driel, & Meijer, 2001), has not yet been implemented. Preservice teachers seemed to 
be able to replicate most of the procedures they have been taught, but they are not ‘empowered’ with a 
deeper understanding (Darling-Hammond, 2000).  
 
2.4. RO 4. Analysis of the teaching of fractions 
This study built on Chapter 2 in its focus on fractions, and on Chapter 3 in its focus on the enacted 
curriculum. By analyzing how fractions were taught in Flanders, this study addressed the call for a 
greater focus on the teaching of fractions (Lamon, 2007), and within that, a response to the call for 
more attention to the development of conceptual understanding of fractions (Siegler et al., 2010). We 
built on curriculum research that identifies the teacher as a central actor in the process of transforming 
curriculum ideals (Lloyd et al., 2009; Stein et al., 2007). This implies acceptance of a difference 
between the curriculum as represented in instructional materials and the curriculum as enacted during 
lessons. Therefore, we analyzed both the teacher’s guide and the enacted curriculum. We did so by 
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analyzing mathematical tasks, broad units of a classroom activity that aim to focus students’ attention 
on a specific mathematical idea. In total, 88 mathematical tasks were analyzed: 24 mathematical tasks 
as represented in the teacher’s guide, 24 mathematical tasks as set up by the teacher, and 40 tasks as 
enacted through individual guidance by the teacher.  
 
Main findings 
The findings of the study suggested that teachers in Flanders teach fractions in a way that supports 
students’ procedural understanding rather than their conceptual understanding of fractions. This was 
evident in the structure of the lessons and in the features of the analyzed tasks.  
The structure of the lessons can be characterized as teacher-directed instruction followed by a 
substantial amount of practice of a similar set of problems completed by students on their own, and as 
such, did not reflect a way of teaching that is considered to support students’ conceptual 
understanding (Hiebert & Grouws, 2007; Stein, Grover, & Henningsen, 1996). The majority of 
mathematical tasks possessed both features that facilitated (focus on multiple solution strategies and 
multiple representations) and features that did not facilitate students’ conceptual understanding of 
fractions (remaining in the abstract world of mathematics, absence of strong collaboration between 
students, not linking representations to each other and absence of requirement of justification of the 
solution method).  
Moreover, whereas the results revealed a consistency in task features as the task moved from 
presented in the teacher’s guide to set up by the teacher, the results also presented a sharp decline in 
task features that related to students’ conceptual understanding as instruction moved from tasks as set 
up by the teacher to enactment through individual guidance provided by the teacher. In this respect, 
our findings corroborate prior research that maintenance of demanding features is difficult (Hiebert et 
al., 2003; Stein et al., 1996) also in the teaching of fractions. It also illustrates that the problem of 
maintenance of demanding features remains a persistent problem.  
Finally, the study revealed that the orientation toward conceptual understanding differed to some 
extent according to the curriculum program used by the teacher, but mainly to the mathematical idea 
that was stressed. Mathematical tasks related to fractions and decimals were consistently coded as less 
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supporting students’ conceptual understanding as compared to tasks that related to comparing and 
ordering fractions and equivalent fractions. 
 
Strengths, limitations, implications 
Following the recommendations of Hiebert and colleagues regarding the analysis of teaching (Hiebert 
& Grouws, 2007; Stigler, Gallimore, & Hiebert, 2000), we opted for the analysis of video data instead 
of survey questionnaires or non-registered classroom observations. This enabled us to go back to the 
data whenever needed. Further, it facilitated reaching an acceptable level of inter-rater reliability, and 
as such, the use of video data had advantages in terms of validity and reliability. Guided by previous 
research, we analyzed mathematical tasks (Stein et al., 1996; Stein et al., 2007; Stein, Smith, 
Henningsen, & Silver, 2000). These were broad units of a classroom activity that aim to focus 
students’ attention on a specific mathematical idea. In doing so, we met the quest of Hiebert and 
colleagues (Hiebert et al., 2003; Hiebert & Grouws, 2007; Stigler & Hiebert, 1999), who argue that 
broad units of analysis are preferred, given the complex nature of teaching.  
Furthermore, we applied one unique coding scheme to analyze both the written and the enacted 
curriculum, and as such, addressed several aspects of the curriculum chain. This is in correspondence 
with Stein et al. (2007) who stated that the research field would benefit from establishing common 
structures for examining both the written and the enacted curriculum. 
Some limitations regarding the study need to be acknowledged as well. Although this study addressed 
both the written and the enacted curriculum, we did not examine the entire curriculum chain, from 
written curriculum over intended curriculum and enacted curriculum to student learning, as 
recommended by Stein et al. (2007). Moreover, in addition to the video data, interviews and 
stimulated recall interviews with the teachers, and the inclusion of information about students’ 
background might have strengthened the study.  
In our response to the call for more attention to the development of conceptual understanding of 
fractions (Siegler et al., 2010), we analyzed the data by focusing on features that were considered to 
facilitate students’ conceptual understanding of mathematics in general (Hiebert & Grouws, 2007; 
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Stein et al., 1996). We did not, however, analyze the lessons from a fractions-specific didactical point 
of view. It might be useful to include this in future research.  
As to the implications of the study, the finding that teachers in Flanders taught fractions in a way that 
did support students’ procedural understanding rather than their conceptual understanding, indicates 
that despite a worldwide adoption of standards that stress the importance of teaching mathematics for 
conceptual understanding (Bergqvist & Bergqvist, 2011; Lloyd et al., 2009; NCTM, 2000; 
Verschaffel, 2004), at least with regard to the teaching of fractions, there seems to be a wide gap 
between theory and practice. Related staff development efforts, as recommended by Stein et al. 
(1996), might be a means to close this gap.  
The observation of a decline in features that might facilitate students’ conceptual understanding as the 
instruction moved from task as set up by the teacher to the task as enacted through individual 
guidance by the teacher, suggested a differentiation in instruction. Some students forgot or did not 
understood the conceptual meaning of the task as set up during instruction. Since teachers generally 
focussed on immediately refreshing the rule and only referring to that rule during individual guidance, 
these students might experience fractions as learning and applying rules rather than understanding 
what they are doing. Consequently, there appears to be a differentiation in instruction as compared to 
students who understood the conceptual meaning during task set up. 
Finally, the finding that the orientation toward conceptual understanding differed according to the 
mathematical idea that was stressed, suggests that research into alternative approaches for teaching 
fractions as recommended by Siegler et al. (2010) might target explicitly the relationship between 
fractions and decimals.  
 
3. General limitations and directions for future research 
As also referred to in the acknowledgement, and as sung by the famous Canadian poet Leonard Cohen 
“There is a crack in everything, that’s how the light gets in.” (Cohen, 1992). Applying this metaphor 
to the current dissertation sheds lights on the limitations (the cracks) and on the directions for future 
research (the light that gets in). As such, the results of this dissertation must be considered in the light 
of a number of limitations to be addressed in future research. Some limitations were already addressed 
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in relation to the main findings as discussed above. In this part of the dissertation, we will discuss the 
overarching limitations regarding the study variables and the research design.  
 
3.1. Study variables 
In this dissertation, two major groups of variables were addressed. On the one hand we focused on 
variables related to the use of curriculum programs; on the other hand we addressed variables related 
to teacher knowledge. For both groups of variables, we have to acknowledge some limitations, which 
we outline below. 
In this doctoral dissertation, we addressed several of the temporal phases of curriculum use as 
depicted in Figure 1. In Chapter 5, we analyzed the teacher’s guide of the curriculum programs 
regarding the conceptual nature of the mathematical tasks (i.e. the written curriculum) on the one hand 
and the mathematical tasks as set up during whole-class instruction by the teacher and enacted 
through individual teacher guidance (i.e. the enacted curriculum). Further, we addressed teachers’ 
views of curriculum programs (Chapter 3), a mediating variable with regard to the transformations in 
the phases of curriculum use. Correspondingly, we studied whether differences in teachers’ views are 
related with students’ performance results. 
 
Figure 1. Temporal phases of curriculum use (Stein et al., 2007, p. 322) 
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In this respect, we addressed several parts of the temporal phases of curriculum use. More 
particularly, the present dissertation shed light on consistencies and inconsistencies between the 
written and enacted curriculum, and revealed differences in teachers’ views of curriculum programs 
based on the curriculum program used in class. However, we failed to address all of the temporal 
phases of curriculum use, as recommended by Stein et al. (2007). The intended curriculum was not 
included in the studies and only one mediating variable with regard to the transformations in the 
phases of curriculum use was addressed. Also the impact of the enacted curriculum on student 
learning was not studied. Therefore, future research might elaborate on this more deeply by analyzing 
the written, intended, enacted curriculum, and mediating variables, and its impact on student learning 
for one given set of participants.  
Another focus of the dissertation comprised teachers’ knowledge for teaching mathematics. In this 
respect, we built on the work of Ball, Hill, and colleagues (Ball et al., 2008; Hill & Ball, 2009; Hill, 
Ball, et al., 2008), who in turn built on Shulman’s attention to the content specific nature of 
knowledge for teaching (Shulman, 1986a, 1987; Wilson et al., 1987). Arguing that there is a need for 
a greater precision about what is meant with content knowledge and pedagogical content knowledge, 
Ball, Hill, and colleagues are developing a practice-based theory of content knowledge for teaching 
mathematics. By using the term ‘mathematical knowledge for teaching’, they focus on the 
mathematical knowledge needed to carry out the work of teaching mathematics. Figure 2 presents the 
different domains in mathematical knowledge for teaching. Ball, Hill, and colleagues more 
particularly point at two major domains: subject matter knowledge and pedagogical content 
knowledge. They further divide subject matter knowledge in common content knowledge 
(mathematical knowledge needed by individuals in diverse professions), specialized content 
knowledge (mathematical knowledge not needed in settings other than teaching), and knowledge at 
the mathematical horizon (knowledge of how mathematical topics are related over time). They further 
divide pedagogical content knowledge in content knowledge intertwined with knowledge of how 
students learn a specific content (e.g. “Teachers must anticipate what students are likely to think and 
what they will find confusing”; Ball et al., 2008, p. 401), content knowledge intertwined with 
knowing about teaching (e.g. “Teachers evaluate the instructional advantages and disadvantages of 
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representations used to teach a specific idea and identify what different methods and procedures 
afford instructionally”; Ball et al., 2008, p. 401), and knowledge of content and curriculum (e.g. 
familiarity with the curriculum, knowledge of alternative curricula; Shulman, 1986b).  
 
Figure 2. Domains of Mathematical Knowledge for Teaching (Ball et al., 2008, p. 403) 
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other and impact the quality of instruction (Charalambous & Hill, 2012). Whereas both research fields 
acknowledged the added value of each other, research that addressed both curriculum programs and 
teacher knowledge and its impact on quality of instruction was virtually nonexistent (Charalambous & 
Hill, 2012). A special issue of Journal of Curriculum studies, published recently (August 23rd, 2012), 
addressed this shortcoming, and set up initial steps in combining both fields of research. The findings 
of these studies suggested that teacher knowledge and curriculum programs have a unique and a joint 
contribution to the quality for teaching, and that other factors like teachers orientations toward 
mathematics and mathematics teaching mediated the contribution of teacher knowledge and 
curriculum programs on the quality of instruction (Charalambous & Hill, 2012; Charalambous, Hill, 
& Mitchell, 2012; Hill & Charalambous, 2012a, 2012b; Lewis & Blunk, 2012; Sleep & Eskelson, 
2012). As such, these findings underline the complex nature of teaching (e.g. Hiebert & Grouws, 
2007; Stein et al., 2007) and add to the suggestion of Stein et al. (2007) to address all phases of 
curriculum use, to do so including teacher knowledge. Also in the current dissertation, this might have 
been useful.  
Finally, in our aim to provide a general picture of teachers’ views of curriculum programs, of 
preservice teachers’ knowledge of fractions, and of teaching fractions in Flanders, contextual 
variables were not explicitly addressed in the studies. In this respect, research (Cobb, McClain, 
Lamberg, & Dean, 2003) pointed at the potential impact of professional communities on supporting 
teachers to teach with curriculum programs that address the kind of mathematics as entailed by the 
mathematical standards currently applied in many countries (Bergqvist & Bergqvist, 2011; Lloyd et 
al., 2009; NCTM, 2000; Verschaffel, 2004). Further, the literature also point at the impact of the 
school context on beginning teachers’ motives for applying innovative instructional strategies in class 
(Ruys, 2012). Consequently, it is thus advisable to include variables related to the school context in 
longitudinal studies that span both preservice and inservice teachers.  
 
3.2. Research design 
We already referred to the fact that a longitudinal study of preservice teachers’ knowledge of fractions 
has advantages as compared to the cross-sectional design we applied in Chapter 4. We can elaborate 
 176 
further on that by arguing that it might have been useful to follow up the development of these 
preservice teachers’ knowledge during their first years after entering the teaching profession. This 
analysis of the development of their mathematical knowledge for teaching in combination to their use 
of curriculum programs and its impact on instruction, has the potential to add significantly to the 
research as plead for by Hill and Charalambous (Charalambous & Hill, 2012; Hill & Charalambous, 
2012a).  
Second, whereas the sample sizes in Chapters 2, 3 and 4 were reasonably large, the sample size in 
Chapter 5 comprised 24 lessons on fractions taught by 20 teachers. The number of observed lessons 
enabled us to construct a picture of how fourth-grade teachers in elementary school were teaching 
fractions, but inclusion of the whole range of years (grade 1 – grade 6) in future research might result 
in a richer picture of teaching fractions throughout elementary school.  
Finally, the present dissertation was especially designed from a quantitative research paradigm. 
Whereas this helped us to provide a general picture of teachers’ views of curriculum programs, of 
preservice teachers’ knowledge of fractions and of teaching fractions in Flanders, this inevitably also 
resulted in a loss of information. Future research could apply a mixed-method design, and combine 
quantitative with qualitative studies.  
 
4. Implications of the findings 
4.1. Implications for empirical research 
Building on the main research findings, the following implications for empirical research can be 
formulated. 
On the basis of the outcomes of the study reported in Chapter 2, we decided to focus on fractions in 
the following chapters of the present dissertation. However, Chapter 2 revealed that other subjects 
(i.e. divisions, time, estimation, content and length) were consistently rated by teachers as being 
difficult for their students as well. Therefore, future research might also target these subjects and 
apply both research lines addressed in the current dissertation (i.e. mathematical knowledge for 
teaching and teachers’ use of curriculum materials) in the study of these subjects. 
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Further, the study reported in Chapter 3 revealed differences in teachers’ views depending on the 
curriculum program used in class. These differences were however not related to differences in 
students’ performance. These results stress the importance for future research to include a 
combination of variables that might mediate between the phases of curriculum use. In this respect, in 
a case study of 8 teachers using the same curriculum program, Remillard and Bryans (2004) already 
pointed at the added value of combining several mediating variables. The findings of Chapter 3 
suggest that it might be a fruitful way for future research also to include a combination of mediating 
variables and to analyze their impact by studying different groups of teachers and curriculum 
materials.  
In accordance to claims that stress the important role of teacher education in the development of 
teachers’ knowledge of fractions (Borko et al., 1992; Ma, 1999; Newton, 2008; Toluk-Ucar, 2009; 
Zhou et al., 2006), the study in Chapter 4 addressed first-year and last-year preservice teachers’ 
content knowledge of fractions. The study revealed that preservice teachers’ common content and 
specialized content knowledge of fractions was limited, and thus, underlined the finding that it is a 
common misconception that school mathematics is fully understood by the teachers and that it is easy 
to teach (Ball, 1990; Jacobbe, 2012; NCTM, 1991; Verschaffel, Janssens, & Janssen, 2005). As such, 
future research might address preservice teachers’ development of mathematical knowledge for 
teaching fractions as well as other mathematics subjects (see Chapter 2) more deeply.  
The finding in Chapter 5 that more than 10 years after the adoption of standards stressing the 
importance of teaching mathematics for conceptual understanding (Verschaffel, 2004), the teaching of 
fractions in Flanders still mainly focuses on students’ procedural understanding, stresses the need to 
carry out more research to better understand how the curriculum unfolds from the written text to the 
enactment in class. The study in Chapter 5 further suggests that studies related to the effectiveness of 
alternative ways of teaching fractions as recommended by Siegler et al. (2010), might select carefully 
which aspect of fractions they want to study, since the results illustrated that the orientation toward 
conceptual understanding differed based on the mathematical idea that was stressed. Finally, the 
findings corroborate prior research that maintenance of demanding features is difficult (Hiebert et al., 
2003; Stein et al., 1996) also in the teaching of fractions. 
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4.2. Implications for practice and policy 
The findings in Chapter 3 revealed that teachers’ views of curriculum programs were more positive in 
case the programs were provided with teacher support, such as additional materials, detailed 
descriptions of each ‘course’, additional didactical suggestions and theoretical and mathematical 
background knowledge, and in case the lessons addressed one content domain. This finding might 
inform school teams in their choice for a specific curriculum program. This might also inspire 
curriculum program designers and publishers.  
It is often heard that the knowledge level of the entrants in teacher education is decreasing. Surveys 
related to teacher education preparing future elementary school teachers showed that, prior to entering 
teacher education, about half of the candidates followed an academic track in secondary education and 
the other half followed a technical track, not necessarily geared to enter higher education (Ministry of 
the Flemish Community Department of Education and Training, 2009). The surveys also revealed that 
the success rate is higher for the candidates who followed an academic track in secondary education. 
These findings are in line with the outcomes of the study in Chapter 4, where track in secondary 
education differentiates between preservice teachers’ knowledge level of fractions. The finding that 
preservice teachers’ common content knowledge of fractions was limited also suggest that the 
knowledge level of entrants, but also of last-year preservice teachers, is insufficient. This inevitably 
has its impact on the proportion of teaching time in teacher education that is spent on teaching 
fractions. Teacher education programs in our study spent half of their teaching time of fractions on 
refreshment of knowledge that elementary school students are expected to master at the end of 
elementary school. This limits the attention that can be paid on didactics regarding how to teach these 
contents. Also, over the three years of teacher education, and not taking into account the internships at 
schools, both teacher education programs involved in the study spent respectively only 5 and 7 hours 
of their teaching time on fractions (of which, as mentioned above, half of the time focused on 
refreshing common content knowledge). One could question that this is sufficient to learn to teach 
fractions in all grades of elementary school. These findings might give impetus to teacher education 
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institutes to reflect on the teaching time devoted to fractions and on how to familiarize preservice 
teachers with teaching fractions. 
Finally, the findings in Chapter 5 shed light on the quest of Stein et al. (1996) for staff development 
efforts that aim to help teachers to implement tasks in a way that fosters students’ conceptual 
understanding of mathematics (and fractions in particular). Since the findings also revealed that the 
orientation toward conceptual understanding differed based on the mathematical idea that was 
stressed, these staff development efforts might target specific aspects of fractions. As such, also these 
findings might initiate teachers and by extension teacher education to reflect on the prevailing focus 
on rule learning, which seems to be triggered depending on the mathematical idea that is stressed and 
on the phase in instruction. 
 
5. Final conclusion 
Guided by the outcomes of Chapter 2, this dissertation focused on preservice teachers’ knowledge of 
fractions and on the actual teaching of fractions in Flanders. As an extension of Chapter 2, teachers’ 
views of curriculum programs were studied as well. The main findings, based on the four reported 
studies, indicate that: 
- Fractions is but one subject of the mathematics curriculum that deserves further investigation. 
- Curriculum programs might influence teaching indirectly. 
- Common content knowledge of fractions of beginning and last-year preservice teachers is 
limited. 
- Specialized content knowledge of fractions of beginning and last-year preservice teachers is 
limited. 
- The teaching of fractions in Flanders encourages students’ procedural understanding, rather 
than their conceptual understanding. 
- The focus on conceptual understanding of fractions differs according to the mathematical idea 
that is stressed and according to the phase in instruction. 
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Nederlandstalige samenvatting 
[Summary in Dutch] 
Breuken onderwijzen in het lager onderwijs. 
 
Breuken zijn belangrijk (Kilpatrick, Swafford, & Findell, 2001; Kloosterman, 2010; NCTM, 2007; 
Siegler et al., 2010; Van de Walle, 2010), maar een moeilijk te leren onderwerp voor leerlingen 
(Akpinar & Hartley, 1996; Behr, Wachsmuth, Post, & Lesh, 1984; Bulgar, 2003; Hecht, Close, & 
Santisi, 2003; Lamon, 2007; Newton, 2008; Siegler et al., 2010). Wereldwijd blijken leerlingen 
moeilijkheden te hebben bij het leren van breuken. De omvang van de studies tijdens de voorbije jaren 
duidt erop dat dit een persistent probleem is. Dit is ook het geval in Vlaanderen, zoals blijkt uit 
peilingen bij een representatieve grote groep leerlingen, uit het lager onderwijs (Ministry of the 
Flemish Community Department of Education and Training, 2004, 2010). Deze vaststelling 
(Hoofdstuk 1), bovenop de resultaten van de studie in Hoofdstuk 2, vormde de basis om in dit 
proefschrift te focussen op breuken (Hoofdstukken 4 en 5). Eveneens op basis van de exploratieve 
studie in Hoofdstuk 2, besloten we daarnaast de verschillen in de beoordelingen van de 
wiskundemethoden door de leerkrachten dieper te onderzoeken in Hoofdstuk 3.  
Wat onderzoek naar breuken betreft, duidden we op de noodzaak van verder onderzoek inzake de 
breukenkennis van toekomstige leerkrachten (Borko et al., 1992; Jacobbe, 2012; Ma, 1999; Moseley, 
Okamoto, & Ishida, 2007; Newton, 2008; Siegler et al., 2010; Stigler & Hiebert, 1999; Toluk-Ucar, 
2009; Zhou, Peverly, & Xin, 2006). Daarnaast onderstreepten we het belang van onderzoek dat 
expliciet focust op het lesgeven rond breuken (Lamon, 2007; Lloyd, Remillard, & Herbel-Eisenman, 
2009; Siegler et al., 2010; Stein, Remillard, & Smith, 2007). Daarom focusten we in Hoofdstuk 4 op 
de breukenkennis van toekomstige leerkrachten lager onderwijs, en analyseerden we in Hoofdstuk 5 
hoe een groep leerkrachten uit het vierde leerjaar lesgeeft rond breuken.  
In de exploratieve studie in Hoofdstuk 2 werd, op basis van de beoordelingen van 918 leerkrachten, 
een leerjaar-specifiek overzicht geboden van moeilijke onderwerpen uit het wiskundecurriculum van 
het lager onderwijs. Daaruit blijkt dat naast breuken ook delen, numerieke verhoudingen en bijna alle 
items gerelateerd aan probleemoplossende vaardigheden moeilijk zijn in elk leerjaar waar deze 
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onderwerpen deel uit maken van het curriculum. Andere onderwerpen die door de leerkrachten ook 
vaak als moeilijk voor hun leerlingen werden beoordeeld zijn: schatten, staartdelingen, lengte, inhoud, 
oppervlakte, tijd, en het metrisch systeem. Daarnaast maakten de leerkrachten ook een inschatting van 
de mate waarin wiskunde moeilijkheden veroorzaakt worden door de gebruikte wiskundemethode in 
de klas. De resultaten suggereren verschillen tussen leerkrachten die kunnen gerelateerd worden aan 
de gebruikte wiskundemethode in de klas. 
In Hoofdstuk 3 werd dieper ingegaan op de verschillen tussen leerkrachten betreffende hun 
inschatting van de mate waarop de wiskundemethode moeilijkheden bij leerlingen veroorzaakt. Deze 
inschattingen werden gebruikt als een indicator voor hun ‘view’ van de wiskundemethode, die een 
impact kan hebben op de implementatie van de wiskundemethode tijdens het lesgeven in de klas 
(Remillard & Bryans, 2004). De views van 814 leerkrachten werden bestudeerd. Van een deelgroep 
van deze leerkrachten (n = 89) werden de ingevulde toetsen wiskunde van het leerlingvolgsysteem 
van hun leerlingen (n = 1579) verzameld. Dit liet toe om na te gaan of verschillen in views van 
leerkrachten gerelateerd konden worden aan verschillen in leerlingprestaties. Algemeen kan gesteld 
worden dat de views van leerkrachten positiever waren in het geval de wiskundemethode per les één 
onderwerp behandelde, en meer steun boden (extra materialen, een gedetailleerde lesvoorbereiding, 
extra didactische suggesties, achtergrondkennis van wiskunde) aan de leerkrachten. Deze verschillen 
in views van leerkrachten kwamen echter niet tot uiting in verschillen in prestaties van leerlingen op 
de toets wiskunde van het leerlingvolgsysteem. Dit kan wijzen op een noodzaak om naast de views 
van leerkrachten andere variabelen zoals de kennis van leerkrachten, informatie over de 
schoolcontext, klasstructuren en normen op te nemen in vervolgonderzoek. Daarnaast duidt dit ook op 
een noodzaak om observerende studies uit te voeren, waarbij zou kunnen vastgesteld worden of 
leerkrachten tijdens het lesgeven compenseren voor ingeschatte moeilijkheden in de 
wiskundemethode.  
In Hoofdstuk 4 analyseerden we de ‘common content knowledge’ en ‘specialized content knowledge’ 
van 290 toekomstige leerkrachten. Beide vormen van kennis worden als belangrijke componenten 
beschouwd van de ‘wiskundige kennis om les te geven’ (Ball, Thames, & Phelps, 2008; Hill & Ball, 
2009; Hill, Ball, & Schilling, 2008). Common content knowledge verwijst naar een algemene vorm 
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van kennis die leerkrachten maar ook personen met een ander beroep nodig hebben (bijvoorbeeld het 
vermenigvuldigen van breuken). Specialized content knowledge verwijst naar specifieke kennis, 
uniek voor het lesgeven (leerkrachten moeten bijvoorbeeld kunnen uitleggen waarom men bij het 
vermenigvuldigen van 2 breuken de tellers en de noemers vermenigvuldigt). De resultaten wezen uit 
dat de common content en specialized content knowledge van de toekomstige leerkrachten beperkt 
was. De breukenkennis van toekomstige leerkrachten weerspiegelde bevindingen van studies naar de 
breukenkennis van leerlingen: de procedurele breukenkennis is beter dan de conceptuele 
breukenkennis, en wat de conceptuele breukenkennis betreft, zijn de scores beter voor het sub-
construct ‘deel-geheel’ en minder goed voor het sub-construct ‘getal’. Daarnaast sprongen vooral de 
lage scores van de specialized content knowledge van toekomstige leerkrachten in het oog – nochtans 
een specifieke vorm van kennis kenmerkend voor het lerarenberoep (Ball et al., 2008). Noch voor de 
common content knowledge, noch voor de specialized content knowledge observeerden we 
significante verschillen tussen toekomstige leerkrachten van het eerste jaar en van het laatste jaar van 
de lerarenopleiding. Deze bevindingen roepen vragen op bij de impact van de lerarenopleiding. De 
vaststelling dat het kennisniveau van toekomstige leerkrachten die een lerarenopleiding starten, 
beperkt is, heeft onvermijdelijk een impact op de lestijd die gespendeerd kan worden aan het 
onderwijzen van breuken. Dat blijkt bijvoorbeeld uit de vaststelling dat (van de beperkte lestijd die 
aan breuken wordt gespendeerd) ongeveer de helft van de lestijd in de lerarenopleiding besteed wordt 
aan het herhalen van basiskennis breuken (de common content knowledge).  
In Hoofdstuk 5 observeerden we 24 lessen breuken, gegeven door 20 leerkrachten uit een vierde 
leerjaar. We stelden vast dat, na de invoering van eindtermen die het belang van een conceptueel 
kennisbasis onderlijnen (Ministry of the Flemish Community Department of Education and Training, 
1999; Verschaffel, 2004), meer dan 10 jaar geleden, leerkrachten tijdens de les eerder de klemtoon 
legden op de procedurele breukenkennis dan op de conceptuele breukenkennis. De observaties 
suggereerden eveneens een differentiatie in instructie tussen leerlingen die wel of niet de 
(conceptuele) uitleg tijdens de instructie begrepen. De gerichtheid op conceptuele kennis varieerde 
verder naargelang de les focuste op ‘breuken en kommagetallen’, ‘breuken vergelijken en ordenen’, of 
‘gelijkwaardige breuken’. 
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Hoofdstuk 6 bood een terugblik op de gehele studie. We bespraken er de bevindingen, sterktes, 
beperkingen en implicaties van de studies die hierboven beschreven zijn. Daarnaast bespraken we 
overkoepelende beperkingen en voorzetten voor vervolgonderzoek. Zo stelden we dat we weliswaar 
een aantal fasen van het ‘curriculum-gebruik’ bespraken zoals het ‘geschreven curriculum’, het 
‘uitgevoerde curriculum’, en de views van leerkrachten als mogelijks beïnvloedende factor, maar we 
het ‘bedoelde curriculum’kwam hierbij niet aan bod, noch bestudeerden we hierbij of er een impact 
was van het uitgevoerde curriculum op de prestaties van leerlingen. Vervolgonderzoek zou, zoals 
gesuggereerd door Stein et al. (2007), alle fasen van curriculum gebruik in de studie kunnen 
betrekken. Daarnaast bestudeerden we de kennis van toekomstige leerkrachten in een afzonderlijke 
studie. Zoals uit zéér recentelijk onderzoek blijkt, kan het heel interessant zijn in vervolgonderzoek 
beide lijnen, zowel het curriculum-gebruik enerzijds én de kennis van leerkrachten anderzijds, in één 
studie te betrekken (Charalambous & Hill, 2012; Charalambous, Hill, & Mitchell, 2012; Hill & 
Charalambous, 2012a, 2012b; Lewis & Blunk, 2012; Sleep & Eskelson, 2012). We stelden verder dat 
een longitudinaal onderzoeksopzet voordelen biedt tegenover het cross-sectioneel onderzoeksopzet in 
Hoofdstuk 4, dat contextuele variabelen die in voorliggende studie niet bestudeerd werden een impact 
kunnen hebben op de resultaten, en dat vervolgonderzoek zou kunnen opteren voor een combinatie 
van kwantitatieve en kwalitatieve studies.  
Concluderend, op basis van de resultaten van de studies uit Hoofdstuk 2 tot en met 5, kunnen we 
stellen dat: 
- Breuken is maar één onderwerp uit het wiskundecurriculum dat verdere onderzoeksaandacht 
verdient. 
- Wiskundemethoden beïnvloeden mogelijks indirect het lesgeven. 
- De ‘common content knowledge’ van beginnende toekomstige leerkrachten is beperkt. Dit is 
eveneens het geval bij toekomstige leerkrachten in het laatste jaar van de lerarenopleiding. 
- De ‘specialized content knowledge’ van beginnende toekomstige leerkrachten is beperkt. Dit 
is ook het geval bij toekomstige leerkrachten in het laatste jaar van de lerarenopleiding. 
- Het breukenonderwijs in Vlaanderen focust op procedurele kennis, eerder dan op conceptuele 
kennis. 
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- De aandacht voor conceptuele breukenkennis varieert naargelang het specifieke onderwerp 
van de breukenles en naargelang de lesfase.  
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